ON RICCI COEFFICIENTS OF NULL HYPERSURFACES WITH 
TIME FOLIATION IN EINSTEIN VACUUM SPACE-TIME 



QIAN WANG 

Abstract. The main objective of this paper is to control the geometry of null 
cones with time foliation in Einstein vacuum spacetime under the assumptions 
of small curvature flux and a weaker condition on the deformation tensor for 
T. We establish a series of estimates on Ricci coefficients, which plays a crucial 
role to prove the improved breakdown criterion in [12) . 



1. Introduction 

Consider a (3+l)-dimensional Einstein vacuum spacetime (M, g) foliated by Et 
which are level hypersurfaces of a time function t monotonically increasing towards 
the future. Let D and V denote the covariant differentiations with respect to g and 
the induced metric g on Ei respectively. We define on each Et the lapse function n 
and the second fundamental form k by 

n (-g(Dt, Dt))^/^ and k{X, Y) := -g(DxT, Y), 

where T denotes the future directed unit normal to Ej and X,Y G TT^. For any 
coordinate chart O C T,tg with coordinates x = {x^,x'^,x^), let x° = t, x-^,x'^,x^ be 
the transported coordinates obtained by following the integral curves of T. Under 
these coordinates the metric g takes the form 



(1.1) g = —ri^dt^ + Qijdx^dx^ , dfQij = —2nk. 



V 

1.1. Main result. Consider an outgoing null cone contained in (M,g), whose 
vertex is denoted by p and intersections with Ej are denoted by St- The null vector 
in TpM parametrized with uj € is normalized by g{luj,Tp) = —1. We denote 
by rtj(s) the outgoing null geodesic from p with 

ds 

and define the null vector field L by 

i(r.(.)) = ^rus). 

ds 

Then D^L = 0. The affine parameter s of nullgeodesic is chosen such that s{p) = 
and L{s) = 1. Let TL = Uo<t<iS't, t{p) = Qj and suppose the exponential map 
Qt : u! ^ r^(s(i)) is a global diffeomorphism from §^ to St for any t G (0,1]. 
We now define a conjugate null vector L on H with g{L,L_) ~ —2 and such that 
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L is orthogonal to the leafs St- In addition we can choose an orthonormal frame 
(e^)yi=i.2 tangent to St such that {eA)A=i.2, £^3 — L, — L form a null frame, i.e. 

g(L,L) - -2, g(L,L) = g(L,L) -g(L,eA) -g(i,eA) =0, g(eA, es) = <5ab. 

Let a^^ = — (i, T) with a{p) = 1. It follows that along any null geodesic F^^, there 
holds 

(1.2) ^ = „-ia-i, t{p)=0. 

Let be the outward unit normal of St on Ef. Then 
(L3) T = i (ai + a-^L) , = i (ai - fl-^L) . 

We define the Ricci coefficients Xi Xi C: d ^ via the frame equations 



Thus we also have 



DlCA = i^L^A + C^L, BbCa = fs^A + ^XABd-i + ^Xab^^ 

where ^ denotes the covariant derivative restricted on St- 

Let A = — -iTrfc, where Trfc = g^^hj. We decompose kij := kij + Xgij, the 
traceless part of k, relative to the orthonormal frame {N, ba, ^=1,2,} along null 
cone TL by introducing the following components 

(1.4) 1JAB = kAB ^A = kAN S = kNN- 

Denote by fjAB the traceless part of 77. Since S^^rjAB = —(5, it is easy to see 

1 , , 

IIAB = VAB + -j^OABO. 

We denote by f one of the following St tangent tensors {i), S, e, A, —^\ogn, — Vat logn}. 
It is easy to check by definition that the Ricci coefficients C, Ci verify 

(1.5) V := -L{a) = -fr^logn + S - X, 

(1.6) Ca ^fA'^oga + EA, = y^logn - e^. 

Let us define 9ab ■= (DaN^cb)- By definition of x, X and (|1.3p . it follows that 



(1-7) axAB ^ Oab - kAB, a ^Xj^g = -Oab - kA 



B, 



(1.8) atrx = tr^ + (5 + 2A, a^Hrx = -tr6' + (5 + 2A. 

We define the null components of Riemannian curvature tensor relative to t- 
foliation, 

aAB = R(L,eA,i,es), Pa = ]^^{eA,L,L^L), 

(1.9) iR(L,L,L,L), a- i*R(L,i,^,i), 
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We define also the mass aspect functions fi and n as follows 

1 

(1.10) fi=---Dstrx + ^{trxf -^trx, 

(1.11) ^ = D4trx + ^trx • trx- 

Denote 7* := ^{t, to) the induced metric of g on St, relative to normal coordinates 

Lu = {uji,uj2) in the tangent space at p. Define the radius function of St to be 

00 

r{t) = ^J{^KY^^St\ and define the metric 7 by 7= r~^7. We denote by 7^°^ the 

canonical metric on S^. On each St we introduce the ratio of area elements 



(1.12) vt{u^):=^^ UJGS'. 

For smooth scalar functions /, the average of / on St is defined by / := |^ Jg^ fdfi^. 
For any scalar functions /, 

fnadfj,-ydt = / nafvtdjj^^dt. 



Jn Jo J St 



aj|=l 



We define norm for smooth functions / on St by ||/||^p = /^^ l/l^c^Ms^, and 
define norm on null cone H for any smooth function / by 



Jo JSt 



'St 

For simplicity, we will suppress the H in the definition of norms on whenever 
there occurs no confusion. Define for any St tangent tensor F the norm on y, 

A/-i(F) = WfLFh^ + \\fF\U2 + \\r-'FU2. 

Define 'R.{H), curvature flux on 'H relative to foliation, by 

n{nf = f ( an(|a|2 + |/3|2 + \p\^ + + \^^)dii^dt. 
Jo JSt 

For any ^t-tangent tensor fleld F we define the norm ||F||j;,ooj;,2(^) by 

||F||^^^2 := sup / \Ffnadt := sup / \F\'^nadt. 

The main result of this paper is the following 

Theorem 1.1 (Main Theorem). Let (M,g) be a smooth 3+1 Einstein vacuum 
spacetime foliated by Ej, the level hypersurfaces of a time function t with lapse func- 
tion n. Consider an outgoing null hypersurface % = Uo<t<i5't in (M,g) initiating 
from a point p, whose leaves are St = Tjtf^'H and t{p) = 0. Assume < n < C 
on H with certain positive constant C and assume that 

(1.13) ■R{n)+Mi{f) < Uo, on n 

with TZo sufficiently small. Then the following estimates hold true 

^ < 7?2 

(1.15) |a-l|<i, 



(1.14) 



trx- 

s 
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(1.16) 

(1.17) 
(1.18) 
(1.19) 

(1.20) 
(1.21) 





+ 




Jq 




JQ 








[ \Cfnadt 


+ 


I \v'\^nadt 


Jo 




JO 



< 



\\ftrx\\vo + \\^A\v'> + 
A/'i(x)+A/'i(C)+A/'i 



2 

trx 



+ J\fi{trx — {any^antrx) < TIq, 



r * 



sup Ir 
t<i 



3/2 



+ 


supr2 


+ 






t<i 







\r'/^^^\\Bo<no. 



The Besov norms P° and B'^ appearing in the above statement will be defined 
by (|4.8p and (|4.9p . Throughout this paper we wiU use the notation ^ < i? to mean 
A < C ■ B for some appropriate constant C. 

It is worthy to remark that (|1.14p is the most important estimate in the main 
theorem and none of the estimates among (|1.14p - (|1.20p can be proved independent 
of others. Therefore we have to prove all of them simultaneously with a delicate 
bootstrap argument. 

1.2. Application. By a standard rescaling argument, see page 363], the esti- 
mates (|1.14|) - (|1.21|) in Theorem ll.ll can be rephrased as |T2j Theorem 7, Proposition 
14] , which are the crucial components in the proof of an improved breakdown cri- 
terion for Einstein vacuum spacetime in CMC gauge, stated as follows 

Theorem 1.2. [12i Theorem 1] Let (A^,g) be a globally hyperbolic development 
of foliated by the CMC level hypersurfaces of a time function t < 0. Then the 
space-time together with the foliation Et can be extended beyond any value < 
for which, 

(1.22) [ * (||fc||L.»(E,) + ||Vfogn|U^(s,)) dt^JCo< oo. 

Jto 

Under the assumption (|1.22p only, we have proved in [T^ Section 3] that C~^ < 
n < C with C depending only on t* , ICq and the Bel- Robinson energy on the initial 
slice The condition (jl.lSp has also been achieved in [T2l Theorems 5,6] under 
the assumption (|1.22p with the help of a bootstrap argument (see [121 BAl-B A3] ) , 
in particular involved with energy estimate for the geometric wave equation of the 
second fundamental form k. Therefore we can apply Theorem 1 1.1 1 to close the proof 
for Theorem O (in Theorem 1]). 

We recall that in [6l [7] the estimates in Theorem 11.11 were obtained under the 
assumption 



(1.23) 



sup (||A;||lo 
[to,t.) 



(St) 



VlognJIio 



'(St), 



= Ao < oo 



combined with the same assumptions on TZ{H) and n, both of which can be obtained 
under (|1.23p or the weaker assumption (|1.22p . The key improvement in Theorem 
1.11 lies in that it relies on the weaker assumption 

(1.24) A/■l(/)<7^o, 
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which comes naturally as a consequence of ()1.22p . 

Due to the much weaker assumption ()1.24|) . we no longer can adopt the approach 
contained in [51 IHl [3 to control Ricci coefficients and |a — 1|. For instance, let us 
consider the estimate on |a — 1|. As required in ^Tj and [12], we need to show that 

(1.25) |a-l|<^- 
For q> 1, an assumption of 

(1-26) (^f\m\%(^) + ||Vlognr^^(j.))) ' < Ao < oo 

by rescaling takes the following form on null cone % 

\Ml1l^(U) + l|Vlogn||i5ioo(„) < TZq, 
which by (jl.Sp and ()1.6p immediately gives 
(1-27) ll^llL?L-(«) + IKIIi?i~(«) ^^0- 

In view of the definition v := —"^i^a and a{p) = 1, we can obtain (jl.25l) by inte- 
grating along any null geodesic as long as TZq is sufficiently small. 

li q ~ 1. the above simple argument fails due to the fact that by recaling, there 
holds 

\MlIl^CH) + l|Vlogn||iii^(^) < /Co 

which fails to be small. Thus, it is impossible to derive (|1.27p immediately from 
assumption. Theorem II . II however provides the trace estimate for in 
()1.17p which is strong enough to guarantee | a — 1 1 < ^ . 

As remarked after the statement of Theorem 11.11 estimates such as 

IICI!Ls=i?(«) ^ ^0 ■ • ■ 

are indispensable for establishing (|1.14p . (|1.16p and estimates on ^ and ^trx, all 
of which were employed to prove breakdown criterion in [7] and |12) . The above 
estimate for C, can not directly follow from the assumption ()1.26|) with q < 2. 

It is well known that the embedding H^{St) ^ L°°{St) fails. Therefore the 
assumption (jl.24p . which is a consequence of (jl.22p by energy estimate, can nei- 
ther control IIC) i^llL2L°° immediately nor by Sobolev embedding. This forces us to 
estimate the weaker norm || • Wl^^l^ch)! which, according to our experience, would 
succeed only when special structures for and can be found. 

1.3. Comparison to geodesic foliation. Let us draw comparisons between geo- 
desic foliation and time foliation on null hypersurfaces as follows. 

(1) In the case of geodesic foliation ([31 [TT]), the complete set of estimates in 
the main theorem can be obtained under the small curvature flux only. However in 
time foliation, ()1.13p contains one more assumption ()1.24p . In order to understand 
the reason for assuming ()1.24p . let us sketch the approach to derive (|1.17p . We 
will prove and employ the sharp trace inequality (see Theorem 15. ip on null cones 
with time foliation, which lied in the heart of [HHl [3] for null hypersurfaces with 
geodesic foliation. To implement this idea, it is a must to control A/i (z^, C) ■ In 
view of (|1.5p and (|1.6p . v and C are combinations of elements of f, therefore the 
assumption (|1.24p guarantees the necessary control on i', 
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(2) The identity C, + ( = only holds on null hypersurface H with geodesic 
foliation. Therefore, in the case of time foliation, the estimates for ( are no longer 
identical to those for (. Note that ( and ^ are on an equal footing in structure 
equations (|2.4p and (|2.15p . we need A/i(-) and || • Wl^l^ch) estimates for both of 
them. C will be treated in the same fashion as in geodesic foliation, while the 
estimate for ||CIIl°°l2(-h) requires further study on structure equations. Similar to 
(|2.8p and (|2.9p . the quantity /i is connected to C by the Hodge system, (12. Sp and 
(EH), 

J divC = -p - /i + • • ■ J divC -p + + • • • 
1^ curie = (T, cm\C = —(T. 

However /i fails to satisfy a similar transport equation as ( I2.15P for /i, fi conse- 
quently does not verify || • ||-po estimate as /i, the treatment of C is therefore different 
from C,. Note that if there holds the following decomposition for VC, 

(1.28) fC^f^P + E 

with P and E satisfying appropriate estimates, we may rely on the sharp trace 
inequality to estimate ||CIIl°°l^- To obtain the important structure (|1.28p . we first 
derive a refined Hodge system, p.l6p and (|2.7p . 

r divC = -p + L(a<5 + 2aA) + • • • 
^ ' ' 1^ curie = -~<J. 

The pair of quantities (p, a) can be decomposed in the same way as contained in 
[TTj. We set Vi : F (divF, curlF) for any smooth St tangent 1-form F. 

(|1.28p then will be obtained from ()1.29p by commuting with ^Df^. The new 

commutator \^ '^'D'^^]{a5 + 2aA) will be decomposed in Proposition 16 . 1 1 together 

with other commutators arising in control of Hx? CIIlo^l^^^-). 

Recall that in order to control |a — 1| < 1/2 in (jl.25p . we need to estimate 

||j/||^oci2, which is a quantity that does not arise in the case of geodesic foliation. 

We again rely on sharp trace inequality to derive ||i/||^oo2,2, which requires another 

remarkable structure of the form, 

"fv = ^lP + E. 

This will be done by deriving the transport equation for ^a, i.e. (|2.17p . 

f>^ - -^Lifa) - hixfa + ■■■ . 

To prove sharp trace inequality and to control P and E actually dominate the 
article. Further comparison on technical details will be made in Section [2] 

1.4. Organization of the paper. This paper is organized as follows. In Section[5J 

we start with providing all the structure equations and making bootstrap assump- 
tions. Then by using structure equations (I2.ip - (|2.18p and Sobolev embedding, we 
establish a series of preliminary estimates including weakly spherical property for 

the metric 7. In Section [3l we prove WA'" K}\l'^lI < Ag -|- T^o with a > 1/2 and 

establish a series of elliptic estimates. In Section SI we briefly review the theory 

of geometric Littlewood Paley decomposition (GLP) and define Besov norms. We 

give the equivalence relation on Besov norms in Proposition 14.21 and the reduction 

o 

argument in Lemma 14.11 based on the weakly spherical property for 7. With the 

help of these two arguments, in Section [5l we prove the sharp trace theorem, i.e. 



Theorem 15.11 In order to obtain the structure required in Theorem 15.11 the com- 
mutators involved are decomposed in Proposition 16.11 which is the main purpose 
of Section[ni In Section[71 we estimate ||x, Ci Cj by using Theorem 15.11 and 

Proposition 16.11 In Section |8l we prove dyadic Sobolev inequahties and (|6.76p in 
Theorem 16.11 



2. Preliminary estimates 

2.1. Structure equations. The proof of Main Theorem rehes crucially on the 
following set of structure equations. We will prove (I2.16P and (I2.17P and refer the 
reader to [TJ Chapter 11] and [H Section 2] for the derivation of all other formulae. 



2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 
2.9 



^+2(trx) =-\x\, 

dXAB , , . 
as 

-^Ca = -XAbCb + XABCg " I3a, 

3 1 
— ytrx + -trx^trx - ~X ' ^tr^ - 2x • " (C + C)(|xl' + ^{i^x)""), 

^trx + ^trxtrx = 2divC - x • X + 2|C|' + 2/9, 

divx = ^ytrx + ^trx • C - X ' C - ^, 

curlC= ^xAx-o-, 

divC ^ -fi- p- ICI^ + ^aStix + aXtix 



curl C = o" 

In what follows, we record null Bianchi equations 

2.10) fLl^A = diva - 2irxPA + {Ka + C^)aAS 

2.11) Lp + hrx ■ P - div/3 + (C + 2C) • /? - ^x • {1^®C ~ f-^X ' X + C®C), 

2.12) Lij + ^trx ■ <T = - curl/3 - (C + 2C) A /3 - ^x A (^^C + C^C), 

2.13) ^i/? + trx/3 = -Up + {Hoy + 2x • /3 - 3(C/9 - C^) 



where 
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Moreover, there hold 

L{ii) + trx^/ = 2x • + (C - • (y^trx + trxC^) - ^trx(x • x - 2p + 2C • C) 

(2.15) + 2C • X • C + Qa^trx - a{5 + 2A)^ |x|' - ^a^^(trx)', 

3 

(2.16) L[a5 + 2a\) + -a^trx = divC + p+ |CP + atrxVAr log n, 

(2.17) "fdl^a) + itrx^a = - x ■ 1/ a - {C + C) ■ ^■ 
The Gauss curvature K on each 5f verifies 

(2.18) ^= -^trxtrx + ^X-X-P- 

The following two commutation formulas hold: 
(i) For any scalar functions J7, 

(2.19) ^UaU + xab1IbU ^fAF+iC + OF, 
as — 



where F = -fU 

as 



d ^ 

dUA 



ill) For St tangent 1-form Ua satisfying = Fa, there holds 

(2.20) ^divC/ + xabHaUb = div^ + (C + C) • ^ + (^t^xC^ - XabC^ + Pa)Ua. 
Proof of I[EJB\) . In view of ([13]) and ((^ . 

L(a-Hrx) = L(trx)a"' +trxL(a^') 

- a-i(2divC + 2p + 2|CP - itrx ■ trx) - a-^L{a)tYX, 

L(atrx) = i(trx)a + trxi(a) = -a(|xP + ^(trx)') + i(a)trx 
By using pr5| . 

i(2(5 + 4A) = a~^(2divC + 2p + 2|Cn - itrx(a"Hrx + atrx) +Lloga(atrx - a^Hrx) 

= a"4(divC + P+ \Cf) - trx{6 + 2A) + 2L(log a)tr6l, 
we can obtain with the help of (jl.Sp and (jl.Sp 
L{ad) = aL{5) + 5L{a) 

= (divC + P+ ICI^) - ^atrx((5 + 2A) + L(a)(tr6' + &) - 2aL{X) 

3 

= divC + p + \Cf + atrx(--(5 + Vat log n) - L(2aA) 
which gives the desired formula. □ 
Proof of pJ7| ). Recall that by L{a) = -v, combined with ((2T9l) 

we may obtain relative to orthornomal frame on St, 

^L^Ba + Jtrx^sa = -^Bi^ - Xbc ■ fc^ - {(b + Cr)'^ 
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This completes the proof. □ 

Let I?t denote ^ along a null geodesies initiating from p. In view of (jl.2l) . 
2?t — anj^. In comparison with geodesic foliation, the term (C + C,)'^ j^U in (|2.19p 
is no longer trivial due to C + C 7^ 0. This term however can be avoided if we 
consider the commutator [2?f , '^]U instead. Similarly, in view of [1, Lemma 13.1.2], 
it is simpler to consider [Dt, ^JF than [y^, '^]F for S'-tangent tensor fields F. 

Proposition 2.1. For any smooth scalar Junction f, 

(2.21) [VM ^^anx-ff 

In view of imp, WJU\I and ^KB, there holds 

[VtA]f = -antrx^f - 2anx ■ f + 2anf3 ■ ff - 2anCx ■ ff 
— anQtrx^ J — an^trx^ ] . 

Combining [TT, P.288] with the comparison formulas in f2l Section 2], we have 

Lemma 2.1. 

V^^a^r-^Itrxyii ^ as t ^ 0, lim ||x, C, C, i^llL~(St) < 0° 

For S tangent tensor fields F on we introduce the following norms. For 
1 ^ Pi 9 ^ 00 we define the L^L^ norm on Ti 




\F\\l?l- I / I / \F{t,L,)\Pnavtd^is- dt 
'H=i J 



and the LPL^ norm 



/ sup {vt\F\P) dfj,§2 . 
Js2 4gr„ 



2.2. Notations and Bootstrap assumptions. We fix the following conventions 

• f denotes the collection off), e, 5, VArlogn, ^logn. A, 

• i — trx - f , y := trx - f , k := trx - {any^antix, 

• A denotes the collection of Xj C: Cj '^^ 

• A denotes the collection of A and x, Vloga, /, 

• The pair of quantities (M^VoM) denotes either (^trx, ^x), or (/^, Y^C), 

• Rq denotes the collection of a, (3, p, a, j3, 

• R denotes the collection of _Ro , trx4, A ■ A, 

• R denotes the collection of R and '^A, 

• Ht ■.= Ut'elo.t]St',with 0<t<l, 

. S St, 7:= r'^j, 7(0) := js-, K:^K- ^. 
Assumption 2.1. We make the following bootstrap assumption: 

(BAl) < Ao, ||x,i^,C,CllL~L?(w) < Ao, l«-l|<^ 

where we can assume that < TZq < Aq < 1/2. 
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The goal is to improve the inequalities in BAl with the Aq replaced by Aq + TZq, 
and |a — 1| < j. When TZq is sufficiently smaU, Aq + 7?.o < 5A0 can be achieved. 
We will start with deriving estimates for A/i(A) by establishing related estimates 
for M = ytrx,/i, which will be contained in Propositions 12.41 and 12.51 Then we 
prove that k and t verify stronger estimates than A, which can be seen in (|2.84p 

o 

and Proposition 12.71 At last we prove (S'f,7) is weakly spherical. 

2.3. Estimates for A/m), \\r'^/'^M\\LiLr and ||A/||i2. Recall a few results that 
have been proved in and pilHlITU]." 

Proposition 2.2. 12J Under the assumption BAl, there hold 

(2.22) < vt/s^ < C, < - < C, 

s 

where C is a positive constant. 

It is easy to derive from \V\ < Aq in BAl and Proposition 12.21 that 

(2.23) Istrxl + Irtrxl < C 
and from |a - 1| < i in BAl and <n < C that 

(2.24) C'-^ <an<C, 

with C positive constants. 

With the help of Proposition [221 there hold the following simple inequalities by 
Sobolev embedding in 2-D slices S = St- 

• Let Osc{f ) ■— f — f for any smooth function f on S where f — Js /^Mtj 
there holds the Poincare inequality 

(Poin) \\r-'Osc{f)\\L^s) < 

• For a smooth function O on 5* with vanishing mean, there holds the follow- 
ing Sobolev inequality (see [3]) 

(GaNi) mh-is) < Wf'mLHS) + Wf^h^s), 

which implies 

(2.25) r-'\\n\\L^^s) < \\f^^\\LHS)+r-'\\fn\\ms), 

(2.26) \\r-'nh^^Lr < WfMlL^ + \\r-'fnh^. 

• Let be a tangent tensor field, (see [3]) 

(Sob) \\F\\l.^s) < lll^^lli^fs)ll^ll!^(S) + Wr-'^-'^Fhi^s), with 2<p<^. 

• Let _F be a S" tangent tensor field, there hold (see |2l 1111) 
(SobMl) \\r-'/^FU2L^ + WFU.L^ + Ili^lU. < M(F), 

(SobM2) \\r-iF\\L^ + \\r~'F\\L2L^ < M2{F), 

where 

(2.27) 

N2{F) \\r-^F\\L2 + Wr'^H lF\\l^ + \\r-'1/F\\L2 + 11^^^!^. + 11^^!^.. 
By interpolation, 

(2.28) \\r--'F\\^.L, + \\r--.-"-F\\i^.L.<Mi[F), with 6 > 4, q > 2. 
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Lemma 2.2. 

(2.29) \\Vh^<Al 

Proof. This can be obtained by integrating along the equation (j2.ip . i.e. 



d 2 1 9 , ,9 

as s 2 



with the help of Proposition 12.21 Lemma l2.ll and ||T^||i=o + ||xIIl°°l2 < in 
BAl. " ' □ 

Lemma 2.3. For a S tangent tensor field F verifying 

(2.30) fLF + ^trxF^G-F + H 

with p > 1 certain integer, if limt^oTitYF — and ||G||^oo^2 < Aq, then the 
following estimate holds 

(2.31) \F\<v;^ [ vt'^\H\nadt'. 

Jo 

We will constantly use the Hardy-Littlewood inequality for scalar f onH, 

1 



(2.32) 



I/I 



<II/IU? 



With the help of Lemmas O and ([221), ([231), BAl, ([232]) and ([LT31) we obtain 
Lemma 2.4. 

(2.33) \\r-^x, r-\\\L^ + \\r-'^'x, ^"'^'ClU^Lr ^ ^o, 

(2.34) \\fLX,fLaL-<Tlo + Al 

In view of Lemma [2.41 (I1.13P and (|SobMip . by definition of elements of A, we 
can summarize the estimates for A, 

Proposition 2.3. 

\\r-'A\\L2 + \\r-'/^Ah2Lr + W^lAWl^- < + 7^o. 



For the proofs of Lemmas 12.31 and 12.41 and Proposition 12.31 see [T2] . 
With the help of Proposition 12.31 and Lemma 12.31 we prove the following result 
under the assumption of BAl. 

Lemma 2.5. 

(2.35) ||yiogs||i<»i2 < Ao, 

(2.36) \\flogs\\L2Ll + Ws'/^flogshiL^ < Al + no, 

(2.37) \\Osc{^)\\l2l2 + \\s--Osci^)\\L^Ll < Al + no, 

(2.38) II«IIl?lS + Wr'^^^L^Ll < Ao + ^Q. 



12 



QIAN WANG 



Proof. Apply p.l9p to U = s, we can derive the transport equation 

(2.39) -^"^Ais) + ^trxfAis) = -XAsf Bis) + Ca + C^- 

Note that CAis) 0, as t ^ 00 in view of Lemma [2.31 with G — x and BAl, we 
can derive by integrating along a null geodesic T^j initiating from vertex, 

(2.40) \s'^f(s){t)\<-v;^ [ vf,\C + C\nadt'. 
Taking norm first then L^{S'^), with the help of BAl, 

\\s-'fis)\\L^^<\\C + C\\L^L^,<Ao 

which gives (|2.35p . 

By taking norm first then L^(S^), we can obtain from (|2.40[) by using (I2.32p 
that 



-1 



s 



fmLlL?<\\r-\C + C)\\L^<^'o + T^o, 



where for the last inequality we employed \\r ^A\\i^2 < Aq + TZq in Proposition 
Similarly 

Hence (|2.36p is proved. 

Applying (jPoinP to / = i, (|2.37p follows as a consequence of (|2.36l) . 
According to definition, we can derive 



2 2 2 

K = trx (an)^ an(trx ) H — (1 — {an)~ an) 

s s s 

(2.41) + 20sc(-)(an)^^an - 2(an)~^s-'^Osc(an). 

s 

By (|Poin)) . ({2:241) and also in view of Propositions 12.21 and 12.31 we obtain 

(2.42) \\s-'Oscian)h2Ll < log(an) H^.^. < l|r-i(C + C)1Il^(«) < A§ + 7^o, 
and similarly 

(2.43) \\s---Oscian)\\L^Ll < \\rHc + OhrLl < + T^o- 
Using (|2.24l) and (I2.42p . the last term in (|2.41l) can be estimated as follows 



(2.44) \\{an)-^s-'^Osc{an)\\L2 < ||s"^C'sc(an)||i2ii < + Uq. 

Combining (l^Ti^ . and (l^T^ . we obtain 

Wr-'^^h^ < \\r-^Osci^)\\L2 + A2 + 7^o < A2 + 7^o. 

where, for the last inequality, we employed (|2.37p . 
By ([237| . (12:43)) and 1^^, we can get 

Wr^^hrLl < \\r-2 0sc{^)\\L^L2 + \\{an)-'r-^Osc{an)U^i^i^ + \V\ 

+ \\s-^{an)-^an-l)\\L^Ll < Ag + 7^o. 
The proof is complete. □ 



■^This initial condition can be easily checked by using the comparison formulas in |2l Section 

21. 
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Lemma 2.6. 

(2.45) 

(2.46) 



trx - 



2 

trx~ - 
r 



< A2+7^o. 



Proof. We can derive the transport equation 



(2.47) 

by combining 

(2.48) 

with 



— (r(trx )) — (an) ^ —antrxn — rian) ^anVxV . 

as r 2 



d , ,_ir 

— r = [an) — antr^. 



— trx = — (an) "'^antrx • trx + (an) ^'^n(-(trxy — \x\'^) 
as 2 



which can be checked in view of the definition of trx ^^'^ (|2.1 
Integrate p.47p in t in view of rtrx - 2-^0asi->0, 



, 2 , _^ 1 

trx- - < - 
r r 



s{t) 



{ {o-n) ^ —antrxi^- + r(an) ^ an\x\'^^ds{t'). 



In view of (11211), taking Li with the help of ([O^ yields 



(2.49) 

By ^(rE\) and we can obtain 



lltrx - -IIl? < Ik^trxlli^ii^ + Iklxl llL?Li- 



(2.50) llrtrx^l 



< 



WrV^W 



L'iL}, 



s * 



< 



kllL?Li < A2 + 7^o. 



klxnUjLi < Wr'^'xhrLiWr'/'xh^^, < A 



By Proposition 12. 31 we have 

(2-51) II'IAI IIL^Li ^ II' ■ Allif-'-i II' ■ A II Lj^LJ ^ ^0 

([2:451 then follows by connecting ^M^, (|230)) and (|23T|) . 

Note that it is straightforward to have 

(2.52) tTx--^V ~V + 20sc(-)+'tix- 

r s 

hence 



' ' 7^o. 



which implies (|2:46| with the help of (f237l) and ^Mii. 



I|trx--||L?L^ <niL^ 



□ 



Lemma 2.7. Denote by R one of the quantities, Rq, trxA, A- A, there holds 

(2.53) ||i?|U2(„^) < A2 + 7^o. 

Proof. The estimate about Rq can be obtained directly from (I1.13p . With the help 
of Proposition 12.31 and BAl 

(2.54) \\A ■ < WAU^L^ < + 7^o. 
By BAl and Proposition 12. 3[ we have 

WtrxAhnn.) <\\V- Ah^n.) + Ws-'AWmn.) < Wr-'Ah^ < Ag + TZo. 
The estimate thus follows. □ 
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Lemma 2.8. Let K_ = K — \, then 



\K 



I1.\\LH-Ht) 



< A 



7^n 



Proof. In view of H^J^ and (HH), 



(2.55) K 
By f^a 
(2.56) 



1 



a 



1 a^t 



^)a2 



i^, ([232]) and (IlTSI) 

a2- 



atrx(A + -S) - p 



2av 



< llr-VlU^ < Ag + 7^o. 



In view of ((235t . by (|2:29| and 





< 


- 1 











in (EJl]), also using (i236l) . (|2:46)) . ((233l) . 

+ ||r-it|U2 + ||i?||i2 < A2+7eo 

which is the desired estimate. □ 

With Lemma we can prove the foUowing estimates. 

Lemma 2.9. LetVi be the operator that takes any S tangent 1-form F to {divF, curlF). 
Let T>2 he the operator that takes any S-tangent symmetric, traceless, 2-tenorfields 
F to divF. Denote hyT) one of the operators 23i,X'2. For any appropriate S tangent 
tensor fields F in the domain ofD, if 2 ^^"11^00^2 < Aq, there holds 

(2.57) ||yF|U2(„,) + ||r-iF|U2(«,) < ||PF|U2(„,) + A^ + 7^o. 
For smooth scalar functions fi, if ||r~2y$7||/^oo^2 < Aq, then 

(2.58) WH^nWmu,) + \\r-^Un\\L^u,) < U^L^in,) + Ag + 7^o. 
Proof. Let us prove (|2.58p first. In view of Bochner identity on 



(2.59) 
we obtain 
(2.60) 



/ \ f^n\^ + K\fn\^ = [ 

Js Js 

J Sit J S+i " S+i 



Noticing that on Sf , there holds by (jSobp and H?- 2^^111^002^2 < Aq, 



(2.61) 



< Aoiirf^iu. 



A^ 



Integrating ([2^0]) on < < in view of (f23T1) and Lemma [221 (p^Sl follows by 
using Young's inequality. 

For T>i : F ^ (divF, curlF) and 1)2 : F ^ divF we recall the identities (see [TJ 
Proposition 2.2.1]) 



K\F\' = 



|2?iF|2, 



2K\F\^ = 2 



\VoF[ 



Then (|2.57p follows in the same way as p.58p . 

By Lemma 12.91 and (|2.53p , we can derive the following 



□ 
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Lemma 2.10. For M — ^trx,IJ-, there holds 
(2.62) \\VoM\\mn.^ < Ag + 7^o + 

More precisely, 

WfxhHH,) < + 7^o + Wftrxh^n,), 

Proof. By using ||?'^^-A||i2ioo < A§ + TZo in Proposition 12.31 and applying Lemma 
12.91 to = X, we can derive that 



iiyciii2(«j) < ||23iC||l2(«,) +^0+^0- 

In view of (HH), jlH) and 

V2X = ftrx + R, V,C ^ {fi,0) + R. 
By using (|2?53| . ([2^2]) can be proved. □ 

Recall that Af = ^trx or /i. (|2.4I) and (|2.15l) can be symbolically recast as 
(2.63) + |trxAf = x ■ M + Hi + H2 + H3 

where Q 

Hi ^ A- {VqM + F), H2^A-A-A, and H3=r-^R,L-R, 



with 

(2.64) ip,F) 



(2,')^trx) i^M = ^, 
(3,0) ifAf^^y^trx. 



We will establish the following estimates 
Proposition 2.4. Let M denote either ^trx or ^, there hold 

(2.65) y/^MUiLr + \\M\\l- < 7^o + Al 

(2.66) liyC^xIlL^ <7^o + Ao■ 

Proof. Noticing that (12.661) can be obtained immediately by combining the second 
estimate in (12. 65^ with Lemma [2.101 we first consider the second norm in (|2.65l) . 
By (I2.3ip . (I2.63P and Lemma [2. 1[ integrating along the null geodesic initiating 
from vertex, we obtain 



(2.67) |M| < ^ « / 



3 

hit) + hit) + hit). 



v^i I Hi I nadt' 



■^This means signs and coefficients on the right side of the expression can be ignored. 
^In view of ja — 1| < 1/2 in BAl, the factors a™, m G N can be ignored in Hi when we employ 
I I2.63I I to prove Proposition 12.41 
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Consider iJa with the help of (|2?32l) . 



(2.68) 



nadt = 



< 



Vf,\H:i\nadt j nadt 



J.-P+1 I r'P-^\r'R\nadt' 



nadt 



< 



\r'R\^nadt' 



where we employed Vt' « (r')^ « (^')^- 

Then by taking ^^(S^), with the help of ((2?53| . we obtain 



(2.69) 

Similarly, we have 



Ml-^ < \\R\\l-^ <TZo + Al 



nadt 







< 



t X 2 

— \ 

I H2 1 nadt' j nadi 
i;||Ap|A|7iadi' ) nadt 



<\\A\\i.y^'A\\i^. 

By taking L^, we obtain in view of BAl and Proposition 12.31 that 
(2.70) < \\A\\l^^y/'AU.^^ <AliAl + no). 

Now consider Hi := A ■ (VqM + F). We have 

,s(t) 



(2.71) z;y'/i(t) < \\A\\^. (^V^+i 
Take L^^ 



1/2 



v'^, {\VoM\^ + \Ff) dsit') 



\\vl/'hhi<\\Ah^^.{\\VoMh2 + \\Fh2). 
Hence in view of and BAl 

(2.72) \\h\\L2 < Ao{\\M\\l2 + \\F\\l2 + Al + no). 
Consequently, in view of (EJH), (|2J0)) and ((2J2l) . if M ^trx, we have 

(2.73) liytrxlU^ < AoliytrxlU^+A^+Teo, 
and if M = /i 

(2.74) < Ao{Ml2 + \\ftvx\\L2) + AI+ TZo- 
From (|2.73l) . noticing that < Aq < 1/2, we conclude 

(2.75) \\ftTx\\L2<Al+TZo. 

\\fj.\\L2 < Al+TZo then follows from (^71)) by using ((^75)) . 
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Now we consider the first estimate in ()2.65|) . 



v}hit)<v} * 



it) , , _ 

v^, ^ \R\ds{t') < 



sP-'^\Rr\ds{t') 



< 



s{t) 



\Rr\^ds{t') 



where we used k, Vt, r k, s 'm Proposition 12.21 to derive the second inequality. 
Thus 



(2.76) 



sup Wh{t)\ 
te(o,i] 



We can proceed in a similar fashion for the other two terms, 



vth{t)<v, 



1—P 
4 2 



s(t) 



s{t) 



vf,\A\'\A\ds{t') <s^-P I sP\A\^\A\ds{t') 



< 



r\\A\\l.\\r'/'A\\Lr, 



then 
(2.77) 

Similarly, 



sup \v?l2{t)\ 
0<t<l 



<\\A\\l^^.y^'Ah.^L^<AliAl + no). 



v?hit)<\\A\\^.\\ri\VoM\ + \F\)\\^.r'/^. 
Taking Ll, using (PTMl) for VqM and ([^75)1 for F, also in view of BAl 



(2.78) 



sup |w//i(t) 

0<t<l 



< (IIPoMIIl^ + \\F\\l2)\\A\\l^l? < i^l + ^o)Ao. 



Li'. 



Combine ([276]) . ([2J7| . ([2J8l) we conclude that \\r^/'^M\\LiL^('H) < A§ + TZq. □ 

Let us summarize the major estimates that have been obtained so far. 
Proposition 2.5. Let M denote either /i or ^trx- There holds 
(2.79) AfiiA) + Wr'^HlUiLr + < + 7^o 

Remark 2.1. By (|SobMlD . (|Sob1l and pTTS)) . it is easy to check {a"'A) and (a™ A) 
with TO e N verify the same estimates as A and A respectively. Consequently they 
can also be regarded as elements of A and A respectively. 

2.4. More Estimates for k and l. The main purpose of this subsection is to 
provide estimates for A/i(k, l) and \\k, iH^^a^oo. We first derive a simple consequence 
from (|279l) with the help of ([2:261) . 



Lemma 2.11. 

(2.80) 



\r-'Osc{an)\\L2L^ <Al + no 
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Proof. Apply p.26|) to O = an — an, 

(2.81) \\r-'n\\L2L^. < Wf'nu^ + \\r-'fnU2. 

Note that with the help of ( + ( = ^ log(an) and there holds 

Wr'^fmL^Ll < \\r-^f\ogian)\\L^Ll = lk"'(C + OIU^L^ < + 7^o. 
in view of (|2.58p . we deduce 

We obtain in view of /^{an) = an{\( + (\'^ + ^\og{an)), ((2?24l) 

Ik^'^^LjL- ^ \\Mog{an)\\L2 + \\C + C\\h + + 7^o 

(2.82) <AAl(C + C)(l+A/■l(C + C)) + A2 + 7^o 

< Ag + 7^o 

where we employed (jSobMip and (|2.79p for the last two inequalities. □ 
Proposition 2.6. 

(2.83) \\rf'i-)\\L2<Al+TZo, 

s 

(2.84) \\Osc{-), Osc{trx), k, tH^.^oo < A^ + TZq. 

s ' 

Proof. Using (|2.39p . in view of the commutation formula in [H Lemma 13.1.2], 
symbolically, we obtain 

-^f^s + trxf^s = -IftTxfs + X ■ f^s - itrx(C + O^s -"fx-lls 
as 2 2 — 

-(C + C)x-^s + (C + C)-(C + C) + ^(C + C) + (x-C + /?)^-s. 

We then rewrite it as 

^y^s + trx^^s = X ■ f^s + {R + M + fx) ■ fs + A ■ A + f{C + Q. 
as - 

Apply Lemma [2?3l to the above equation with the help of ||xIIl°=l^(--^-) < Aq in BAl 
and limf^o r'^f'^s = 0, 

(2.85) \f^s\<v^^ vt'\{R + M + fx)-fs + A-A + f{C + C)\ds{t'). 

Jo 

Hence, by Holder inequality and (|2.32l) . we have 

Wf'shlL^, < \\s-'fsh^L-f{\\Rh^ + ||M|U. + WfAh.) 

(2.86) +\\r{A-A + fA)\\L2L-^- 
By (12321), (mSI, (P35)) . (^31]) and ^1^, we obtain 

(2.87) < A2+7eo. 
By a straightforward calculation, 

-s^f\-) = s^fis-^fs) = f^s - 2s-'fs ■ fs 
s 

we deduce 

\\rf\Osc{l/s))h2 < Wf'sh^r. + ll^logs • fsh^Ll- 
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By (lOel) and ([QS]) 

(2.88) < \\f\ogs\\L^L2\\sf\ogshiLr<M^l + T^o). 
Combined with ([T87| . 

(2.89) \\rf\Osc{l/smL2<Al+TZo. 

Now we apply (1^:^ to 17 = rOsc(i). By ([^51) . l|lZ^(Osc(i))||L2 < A§ +7^o. 
Also in view of (|2.89p . we conclude that 

(2.90) \\Osc{-)\\L2L^<Al+no. 

By Osc(trx) = Osc(F) + 20sc(i) and (EJH), it follows from (|2J0| that 

(2.91) \\Osc{tTx)\\L^L^<Al + no. 

In view of t = Osc(trx) + trx - p.9ip together with (|2.45p implies 

lkllL?Ls= < A§ + 7^o. 

In view of (|2.4ip . symbolically, 

(2.92) K = y-(an)~i^mF+C'sc(i) — + s"Van)"ie'sc(an) + (an)"is-ie'sc(an). 

s an 

Taking i^L^^ of k in view of ^Mi, by (P?5D)) and (g^ll), the last two terms are 
bounded by AI+TZq. Due to ([^30)1 and ([223), -^^-^S" of the remaining three terms 
are bounded by A§ + TZq. Thus we conclude ^ + ^o- O 

Proposition 2.7. 

AAi(i)+A/'i(k) < A2 + 7^o. 

Proof. In view of (|2.ip and (|2.48p . we have 

2 12 1 

^L(trx - -) = -o(trX )trx - IxP 

r 2 r r 

By BAl and ^ZB, dOg]) and (l^3il) . we have WfMh^ < A^+Teo. Together 
with ((2^ and (|2J9)) . we conclude 7Vi(0 < A^ + 7^o. 
Now we take L^iH) norm of with the help of 

(2.93) —K + trx ■ K = — IxP + (an)~^|anxP H — (a7i)^'^{an)'^H;? 

as 2 2 

By ([OS)) and ^(272^ . UtrxKlU^ < AI+Uq. For the terms on the right of ((2:93| . 
we first claim 

(2.94) \\r-^Osc{1/dan))\\L2 <Al+n^ 
Indeed, 

yyi(an) = y(an'y^ilog(an)) = log(an) 

by HMD), 

(2.95) ffLian) = Vtf log(an) + anx • ^ log(a7i) = a7i{'y^i(C + C) + X ' (C + C)}- 
By (iPom)) . ({2:951) and ((2:24)) 

||r-iOsc(yi(an))|U2 < ||yyL(an)|U2 

(2.96) < \\tTxAU2 + \\fLA\\L^- + \\x-A\\L. 
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([2^ follows by using (|2?53l) and Proposition [231 
Using (12:9411 . (12:241) and ({2:231 

\\{an)-''^M^Osc{'f L{an))\\L- < \\r-^Osc{1l L{an))\\L2 < A2 + 7^o. 

Similarly 

\\{an)-'^Osc{1l L{an))anK\\L2 < \\Osc{f L{an))\\L2Ll < A^ + 7^o. 
Now consider other terms on the right of (|2J3)) . by ((238)) and ((234|) 

Ik'IU^ < lk«llLriilkllL?L- < A^ + 7^o, 

by (ISobMll) and (i279| 

llx•xllL^<llxlli4<Ao + 7^o 

and the other two terms can be estimated similarly in view of (|2.24p . Hence 

(2.97) ||yiK|U2 < A2+7^o. 
At last, we obtain by definition 

= ytrx + y log(an) • {an)~^antTX- 
By using(l223l), ([2:24]) and (f2J9l) . 

Wf^^hnn) < \\ft^x\\LHH) + \\r-HC + OhHn)<^l+'R-o- 
Combined with (|2.38p and (|2.97p . we can conclude M (k) < A§ + 7^o. □ 

Remark 2.2. By Proposition 12.71 and (I2.84p . we can regard k and t as elements of 
A. 

Without making the strong assumption (|1.23p (see T), under the weaker condi- 
tion (|1.13p only, trx — I no longer satisfies the L°°{'H) estimate as (|1.14l) for trx — f . 
Since St is not a level set of affine parameter s, obviously, '^r — while ^ 0. 

We will check the weakly spherical property for 1— r~^7. Integral operators A^", 
geometric Littlewood Paley decompositions and Besov norms will then be de- 

o 

fined by heat flow U{t) with respect to 7 instead of s~^7. Due to the factor "an" 
in (|2.48p , the nontrivial evolution of r adds technical complexity. This issue can be 
settled by proving trx — {an)~^ antvx and trx — f verify stronger estimates than x- 
Examples of the application of (|2.84p and Proposition 12 . 71 can be seen in the proof 
of (ETDO)) . Proposition 1331 Theorem O etc. 

2.5. Weakly spherical surfaces. Let 7 be the restriction metric on St-, and define 
the rescaled metric 7 on St by 7= r 7. Let 7^^ denote the canonical metric on 
§2. Note that 

(2.98) lim 1,, = 7!°) , hm dk = d^lf 

where fc = 1,2. With its aid, using the bootstrap assumption BAl, (I2.79p . we 

o 

will prove that for each < t < 1 the leave (St,!) is a weakly spherical surface. 
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Proposition 2.8. For the transport local coordinates {t, lj), the following properties 
hold true for all surfaces St of the time foliation on the null cone Ti: the metric 

o 

lij (t) on each St verifies weakly spherical conditions i.e. 



(2.99) 
(2.100) 



II 7., (t) - 7, 

(0) 



(0), 



< Ao 



Proof. Since relative to the transport coordinate on Ti, j^jij — '^Xij-i 



(2.101) 



— (7ij) = an{K ■ + 2xtj)r 



Integrating (|2.101l) along null geodesic initiating from vertex, with the help of (|2.98l) , 
follows in view of (p:M|) and BAl. 
Integrating the following transport equation along a null geodesic initiating from 
vertex, 

do/ o o 

—:dk lij = an \ dk \og{an)K lij +(9fetrx lij 



dt 



+Kdk 7y +2dkX,jr ^ + 2dk \og{an)xijr 



where i,j,k — 1,2, with the initial condition given by p.98p . by ||'«||l2^oo < 
Aq + TZq in (|2.84p and a similar argument to Lemma 12. 3[ we can obtain 



dk It] (t) - dkl, 



< 



[^ktrx■l^J+r-^{fkX^3-^■x) 



+dk log(an) 7y k + 2dk log{an)xijr ^ + K^fcTlf ) ds{t') 



where F represents ChristofFel symbols, and F • x stands for the terms ^kiXij 
with ; = 1, 2. Then with the help of ((2^99t . 



sup 

0<t<l 



dk lij (t) - dkl, 



(2.102) 



< WWliliWxWl^li + \\1J^^x\\lil\ + II'^xIU^l; 
+ lk(C + C) • + IklC + Cllxllli^ii + 

By BAl, (|238| . ([234]) . we obtain the terms in the line of 

(|2302l) < VWj^^l-SUWl^l- + 1) + 11^ • ^IU^(«) < + 7^o. 
Using Proposition 12. 4[ 



sup 

0<t<l 



dk 1^3 [t] - dk% 



(0) 



< Al + no + Wxh^L^miL^L-r 



Sum over all i,j, k = 1,2, also using (|2.99l) 

l|r|Uj< J2 \\dk{i.3-ilf)\\Li + c, 

i,j,fe=l,2 

where C is the constant such that the ChristofFel symbol of 7'") satisfies \di'''^^ \ < C, 
(|2.100l) then follows by using HxIIl^l^ < Aq < 1/2 in BAl. □ 
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3. II A^"i^ 11/^00^2 and elliptic estimates 
Define the operator A° with a < such that for any 5-tangent tensor fields F 

„-a roo 

(3.1) A'^F := — — - / T-^-'e-^U{T)FdT, 

T{-a/2) 7o 

O 

where F denotes Gamma function and U{t)F is defined on (5t,7) by 

(3.2) ^U{t)F~AM{t)F = 0, U{0)F^F 

The definition of A° extends to the range a > by defining for < a < 2m that 
A"F = A°-2m . (r-^id - A^)"K 
We record the basic properties of A" in the following result (see [3]). 

Proposition 3.1. (i) A" ^ Id and A"" • A** = A''+^ for any a,beR. 

(ii) For any S-tangent tensor field F and any a < 

r^WFU^^S) < \\F\\ms)- 

(iii) For any S-tangent tensor field F and any b > a > 

r^\\A^Fh.^s)<r''\\A''Fh2^S) and ||A'^F|U.(s) < ||A''F|||.(^)||F||^-|). 

(iv) For any S-tangent tensor fields F and G and any < a < 1 
||A'^(i^ . G)|U2(s) < \\KF\\ms)WG\\ms) + ||A'^F|U2(s)||AG|U2(s). 

(v) For any S-tangent tensor field F there holds with 2 < p < oo and a > 1 — - 

WFh.iS) < l|A'^i^||L.(5). 

(vi) For any a £ M and any S-tangent tensor field F 

Proposition 3.2. Under the assumption of BAl , ifTZo > is sufficiently small, 
then for all ^ < a < 1 there hold 

(3.3) := ||A-"(if - r~^)\\L^Ll < + 7^o, 

(3.4) \\A-^phrLl<^'o + no. 

For smooth scalar functions / on T-L, with p > 2, a > 1/2, define the good part 
of the commutator [A~",I?t]/ by 

[A-^,Vt]gf := / T^''e-^[UiT),Vt]fdT, with C„ = — — . 

We first prove Proposition 13.21 by assuming the following result. 
Proposition 3.3. Let f be a smooth scalar function %, there holds 

||r-"[A-",P4/||iji. < (1 + ll^hi/^l + 7^o)||/||L^, 

where p > 2 and 1/2 < a < 1, and := 1 + KX ° + K n . 
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Proof of Proposition \3.'A It suffices to prove ttie following estimates 

(3.5) \\k-^{K + p)\\L^Li<^l + 'Ro, 

(3.6) ||A-"p|U^^i2 <(Ag + 7^o)(l + /^^), p>2. 

By p.Sp and p.6p . according to the definition of /„, with - (1 — 1) < l,we can 
obtain p.3p . 

Let us first prove dS^]). By ([233]), 



(3.7) 



K + P^ — 5 ^ t;- 7 ^ trxi., 



y,2 2r 4 

By Proposition [0(ii), BAl, (P?^ Proposition [Ol and (P?^ . for a > 1/2, 

l|A-"(trxA)|U=.i2 < \\r'^+hTxA\\LrLl<^l + no. 
By Proposition 13. II (ii) and (11.13^ . we have for a > ^ 



A-"(^) 



< 



<||r"-i(a^-l)||™ 



< 



<\\f 



a'^nfi^adt' 
< \\r-'uU2<Al+no. 
By Proposition [0(ii), (jSobMljl and Proposition [2Jl we have for a > t;, 



A-"(— ) 



Similarly, by ([221), 

\\A-"{ahrxi)\\LrLl < ||ri+"(a2trxOllLrLi < IKih^Ll < +7^o. 



This finishes the proof of (|3.5p . 

Next we prove ([31]). Let W{t) ^ {K-'^pfit) - (A-"p)2(0). Then 



W{t) = 



t r / ^ 

— (A-"p)2 +antrx(A-"p)2 ) dp^dt' 



10 JSt, 



dt 



JSt 



(2[Vt,A-°']gp ■ A-"p + (antrx + aantrx)(A""p)^ 
+ 2A-°'Vtp- A-"p)dp-ydt'. 



(3.8) 

Let 'd{t) be a smooth cut-off function with 19(0) = 1 and supported in [0, i], \d\ < 1, 
(3.9) (A-"p(0))2 = (M-"p)(0)2 - (?9A-"p)(l)2 
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can be treated similar to W{t), then 



(3.10) 
(3.11) 

(3.12) 



< 



m,A~"]gP\\LlLl ■ IIA-^IUri^ + ll(a«trx + aantrx)(A-»^||ii 



[ [ A-^Vtp- A^"pdfi^ dt' + [ [ i}^A-"Vtp- A'^pdn^ 
Jo JSf, Jo JSf, 



dt' 



dfijdt' . 



lo JS,, 

In view of (|2.23p and Proposition 13.11 (ii) , 



(lantrxl + \antrx\){A-'' pfd^x^,dt' < l|r-U-"p||i. < 



2 

L2- 



By < 1 and Proposition 0(11), for a > 5, 

ra<iiA-"piii. <iipiii.. 

We only need to estimate the first term in p. lip , and the second one will follow 
similarly. 



(3.13) 



/ / A-^Vtp ■ A-"pdp. 
Jo JSf, 



dt' <\\A-^"Vtph4p\\L2. 



Assuming 

(3.14) \\A-^"Vtph^<Al+no, 
then ([3?T3| < (Ag + 7^o)^, and it follows that 

l|A-"/5||i^o.i. < (A^ + 7^o)2(l + /o"')||A-"p|U^^i. + {Al + n,f 



Thus p.6p is proved. p.4p follows as an immediate consequence. 

To prove (j3.14p . we rely on the transport equation derived by (12. lip . 

3 > _ 

'Dtp + —aniixP — div(ari/3) — ^(an)/? + anA ■ R = div(an/3) + anA ■ R. 

By Proposition O ([2:23)) and with a > i, 

||A-2"(antrxp)||L^ < Wr^^trxph^ < Ml- < A^ + 7^o. 
By Proposition 13.11 and (I1.13p . for a > i, 

(3.15) \\A^^"divianp)\\L2 < \\r^"~^anl3\\L2 < Ag + 7^o. 

By Proposition 13.11 (v) and Holder inequality, we obtain 

\\A-''^{anA-R)\\l,^s,)dt' = 



10 JSt, 
, —4a I 



A-^-^ianA ■ R) ■ {anA ■ R)dp^dt' 
< WA-^^ianA ■ R)\\L2LthnA ■ i?||^.^4/3 

Consequently, by (ISobMip . ^J^, ([^35)1 and Proposition O (h), 
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which implies 

(3.16) ||A-2"(an^ • i?)|U2(„) < + TZq. 

Thus we complete the proof of (|3.14l) . □ 
Proof of Provosition \3.3[ By definition p.ip and Proposition 12. 1[ 
r-"[A-",2?4/ 

= Ca dTT^-^e-^ r^U{T-T'){[S,Vt]U{T')f-^^^U{T')f)dT' 

Jo Jo 

pOO pT 

(3.17) =C„/ dTT^'^e-- r2[/(r-T')(y0i(T') + 02(r')), 



where 

<l>,{T')^an(x + K)-1/U(T')f, 

(j,2{T') = {an{f3 + fA + A-A + r^M) + f{anK)}fU{T')f. 

Noticing that k can be regarded as an element of A, thus we have ^{auK) = 
anA ■ A + ari^A^ and 

(3.18) (t)i{T')^anA-fU{T')f, (t)2{T') ^ an{(3 + 1/ A + A ■ A + r'^ A)fU{T')f . 
Let us set 

/•OO /"T 

Jo Jo 

poo PT 

$2 = C„/ drr'i-^e-^ r^U{T - T')(j)2{T')dT' . 
Jo Jo 

The difference between 0i, 02 hi (|3.18p and those in [TUl Page 41] is the extra factor 
"an" in (|3.18l) . which can be easily treated by using the estimates ||y(an) 11^=0^4 < 
Aq + TZo and (|2.24p . Based on the estimate Afi{A) < Aq + TIq which has been 
proved in (|2.79p and Proposition 12. 7[ also using (|2.24p . we can proceed exactly as 
[H Appendix] or [TUl pages 41-43] to obtain for i < a < 1 and p > 2, 

II*iIIl;l^ + II*2||l;l^ < 11/11^^(1 + /^^)(Ag + 7^o). 

The proof is therefore complete. □ 

3.1. estimates for Hodge operators. Consider the following Hodge opera- 
tors 0on 2-surfaces S := St 

• The operator Pi takes any 1-forms F into the pairs of functions (divi^, curl F) . 

• The operator T>2 takes any symmetric traceless 2-tensors F on S into the 
1-forms div_F. 

• The operator *2?i takes the pairs of scalar functions (p, a) into the 1-forms 
-fp+ {^af on S. 

• The operator *V2 takes 1-forms F on 5 into the 2-covariant, symmetric, 
traceless tensors — ^£f7, where 

{Ul)ab = fbFa + faFb ~ {divF)jab- 



Using Proposition 13.21 and Bochner identity, we can follow the the same way as 
[U [To] to obtain elliptic estimates for Hodge operators. 



'^For various properties of these operators please refer to ^Ij Page 38] and [2 Section 4]. 
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Proposition 3.4. The following estimates hold on %, 

(i) Let P denote either Pi or I?2- The operator T) is invertible on its range, 
for S tangent tensor F in the range of V, 

(ii) The operator (—4^) is invertible on its range and its inverse {—^)~^ verifies 
the estimate 

\\f\-^)-^fU.^s) + \\r-'fi-^)-'fh^s) < 

(iii) The operator *T>i is invertible as an operator defined for pairs of func- 
tions with mean zero (i.e. the quotient of by the kernel of *T>i) and 
its inverse *P^^ takes S-tangent 1-forms F (i.e. the full range of*!)!) 
into pair of functions (p, cr) with mean zero, such that -i/p + (fa)* = F, 
verifies the estimate 

WTv^'FU^^s) < II^^IIl^(5), 

and by (i) and duality argument 



\\r-'*V^'F\\L2^S) < \\F\\l- 



(iv) The operator *T>2 is invertible as an operator defined on the quotient of 
-vector fields by the kernel of *T>2. Its inverse *T>2 takes S-tangent 
2-forms Z which is in space into S tangent 1-forms F ( orthogonal to 
the kernel of 7)2), such that *'D2F — Z, verifies the estimate 

WTv^^zu.^s) < \\z\\ms)- 

As a consequence of (i)-(iv), letV^^ be one of the operators T^i^ , , *'D^^ or 
*T>2^ . By duality argument, we have the following estimate for appropriat^tensor 
fields F , 

\\V~^divF\\L.^s) < \\F\\ms)- 
Using Proposition 13.21 and Lemma 12.81 and following the similar argument in O 
Proposition 4.24 and Lemma 6.14] we can obtain 

Lemma 3.1. Let V one of the operators T>i, T>2 and *T>i. For F pairs of scalar 
functions in the first case, S-tangent one form for the second and third case, there 
hold 

J^2[V-^F)<Ni{F) and Mi{l7V-^ F) < Mi{F). 
4. A brief review of theory of geometric Littlewood Paley 

Consider S the collection of smooth functions on [0, 00) vanishing sufficiently 
fast at 00 and verifying the vanishing moment property 



T''^d''^m,{T)dT ^0, fci + fcs < N. 

We set mkir) :— 2^'^to(2^'^t) for some smooth function m ^ S. Recall from [3] the 
geometric Littlewood-Paley (GLP) projections Pk associated to m which take the 
form 

/■oo 

PkF:^ / mk{T)U{T)FdT 

JO 



^ By " appropriate" 
well-defined. 
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for any St tangent tensor field F, where U{t)F is defined by tlie heat flow p.2p on 

isj). 

Proposition 4.1. There exists m £ S such that the GLP projections Pk asso- 
ciated to m verify U{oo) + X^feez^fc ^ ^'^^ f ™^ denote a scalar function and 
F a S-tangent tensor field on %, the GLP projections Pk associated to arbitrary 
induced function m verify the following properties: 

(i) (PP -boundedness) For any 1 < p < oo, and any interval I C 1^, 

(ii) (Bessel inequality) For any tensorfield F on S, 



k k 



(iii) (Finite band property) For any 1 < p < oo, A: > 0, 

(4.1) \\/I^PkF\\LHS)<'^^''r-^\\F\\Lns)- 

Moreover given m £ S we can find m S such that 2^^Pk ~ ^Pk, with Pk 
the geometric Littlewood Paley projections associated to rh, then 

(4.2) PkF = 2-''^Pk^F, ||Pfei^|U.(5)<2-2V||4iF|Up(s). 
In addition, there hold estimates 

( ||yPfcF||i2(s) <2'=r-i||F||i2(s) 

(4.3) <^ \\PkfF\\ms)<2''r-^\\F\\ms) 
[ \\fP<oF\\L2is)<r-'\\F\\LHS), 

and 

(4.4) \\PkF\\ms) < 2-V||yF|U2(s) 

(iv) (Bernstein Inequality) For appropriate tensor fields F on S, we have weak 
Bernstein inequalities 

' ||Pfei^|Up(s)<rt-i(2(i~f)^- + l)||^^|U.(S), 

\\P<oF\\LPis)<r^~'\\F\\L-HS) 
\\PkFh.^S)<ry'{2^'-'^^'' + l) 

where 2 < p < oo and ^ + ^ = 1, fc > 0. 

(v) With the help of Proposition \S.'A we have the sharp Bernstein inequalities 

(4.6) \\Pkf\\L^(s) < 2V-i||/|U.(s), WPkfh^s) < 2'^V-i||/|Ui(s). 
We will also use the notations for any S'-tangent tensor field F, 

(4.7) Fn:=P^F, F<o:=J2p^F 



(4.5) 



k<0 



^ For more properties, one can refer to [SlH] and | 10| , 
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Now we define for < < 1 the Besov , norms for S'-tangent tensor fields F 
on H and i?2 i norm on S as follows: 

(4.8) = rn'r-^fPuFUrLl + \\r-'F\U^L., 

k>Q 

(4.9) WFW-pe = Yl m'r-yP,Fh.^. + \\r-'Fh.^., 

k>a 

(4.10) 1I^IIb|,,(5) = E m'r-yP,F\U. + Wr-'^Fh.. 

fc>0 

Remark 4.1. For any a G K and any S-tangent tensor field F 

k>0 

In certain situation, it is more convenient to work with the Besov norms defined 
by the classical Littlewood-Paley (LP) projections Ek- Recall that (see [8l|9]) for 
any scalar function / on we can define 

^"f -TT^ [ ¥'(e/2'=)/(Oe"«rf^,0 

where (p is a smooth function support in the dyadic shell < |^| < 2} and 
satisfying J^kez fi'^^'^O = 1 when ^ ^ 0. 

Define for any < 6* < 1 the and norms of any scalar function / on H by 

(4.11) 11/11^. J2 m'r-yE.fW^^L. + ||r-VllL^L^ 

fc>o 

(4.12) 11/11^. E m'r-^E.fh.^. + Hr-^ILfL^ 

fc>o 

Using Proposition [2]8] and BAl we can adapt [71 Proposition 3.28] to obtain the 
following lemma. 

Lemma 4.1. Under the bootstrap assumptions (BAl) , there exists a finite number 
of vector fields {Xi\\^^ verifying the conditions 

r \\X,rV^X\\LrL^ < 1, \\r1l{VoX)UiLr < 1, 
\ IK^- Vo)X|U2i^^ < Ao, HlX^Q, 

where Vo represents the covariant derivative induced by the metric r'^^^^\ For 
appropriate S-tangent tensor F £ L'^L'^, F G B^ if and only if F ■ Xi G B^ , and 

c-'J2\\f-x^\\bo < \\f\\bo <cEl!^-^dlB«, with o<e<i, 

i i 

where C is a positive constant. The same results hold for the spaces . Moreover 

Ni{F ®X) + \\F ® XWl^lI < J^iiF) + \\Fh^L2, 

where (E> stands for either a tensor product or a contraction. 

Lemma 113] allows us to define Besov norms for arbitrary 5-tangent tensor fields 
F on H by the classical LP projections. 



^See O Page 2] for the finite band and sharp Berstein inequalities of B^. 
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Definition 4.2. Let F be an (m, n) S'-tangent tensor field on H and let F^^i^^,',','/j^ 
be the local components of F relative to {Xi}\^j^. We define the and norms 
of F by 

ll^ll^« = Eii^^::v"ii^« iiF||^« = ^iii^::;^ii^., 

where the summation is taken over all possible (ii • • • in'iji ■ • ■ jm)- 

The equivalence between , norms and B^ , norms is given in the following 
result whose proof can be found in (10| . 

Proposition 4.2. Under the bootstrap assumptions BAl for arbitrary S-tangent 
tensor fields F on H there hold for < 9 < 1, 

\\F\\^e^\\F\\so and \\F\\^e«\\Fye. 

Lemma 4.2. Let H be any St tangent tensor and let f be a smooth function, 

(4.13) WfHWro < \\H\\-po\\f\\L^ + \\H\\L2(n)\\r'/'ff\\LrLt. 

and the similar estimates hold for B^ and i?2 i('S'). 

Proof. By GLP decomposition, H = H + Y,neN H + P<oH, where II = U{oo)H. 
(4.14) 

WfHWro < J2 \\P'^ifH<k)\\L^ + E \\P'^ifH>k)\\L^ + E + ll/^IU- 

fc>0 fe>0 fe>0 

Let Hn := P^H. Consider the first term in (liJi)) . By (Ii3t and 

E \\Pk{fHr,)\\L^< 2-^||rFfcy(/ff„)|U2 

fc>0,fc>n>0 fe>0,fe>n>0 

< 2-^(||rFfc(y/.ff„)|U2 + ||rPfe(/.yi/„)|U2) 

fe>0,fc>n>0 

< J2 (2-'-+*||r^y/-i?nlU.^y3+2-^-+"||/|U~||i/„|U.) 

k>0,k>n>0 

< Y {^~^\\r^ff\\LrLt\\Hn\\L^+2-'+"\\fh^\\PnHh.) 
k>0,k>n>0 

<\\HU4r'/'ffh^L. + \\fU^\\H\\.po, 

and similarly, 

E ll^'c(/i?<o)||L^ < \\HU4r'/'ffh^L. + \\fU^\\H\\-po. 

k>0 

Now consider the second term. By ()4.2p . (|4.3p and (|4.5p . we obtain 

^ ||Pfe(/F„)IU. 

fe>0,n>fc 

< Y 2-2"||r2Pfc(/4ki7„)|U. 

fc>0,n>fc 

< Y 2~^''{\\r^PknffH^)\\L^ + \\r'Pk{ff-fH,ML^) 

k>0,n>k 

< Y (2-'"+'+"ll/IU°=ll^«^llL^+2-'"+*||r^y/-yi?„||^.i4/3). 

k>0,n>k 
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By 1131), we have 
thus 

E \\Pk{fHn)\\L^ < \\H\\L2\\r^ff\\L^Lt + ||/||L-||i/||po. 
fe>0,ri>fc 

At last, due to = and (|SobMl[) . we can deduce 

A:>0 k>0 

The proof is complete. □ 
4.1. Product estimates and Intertwine estimates. 

Proposition 4.3. Let T) be one of the operators Vi, I?2 and Then for 1 < 

p < 2 and any S-tangent tensor F on H there holds 

Proof. For p — 2, the inequality follows immediately from Proposition 13.41 For 
p > 2, from (jSobp and Proposition 13 .41 we infer for p' > 2 satisfying ^ + ^ = 1 that 

\\ri-'*V-'F\\^,,^S) ^ \\rV-'F\\[',l;^\\r-'*V-'F\\l^^^ + \\r-'*V-'F\\^.^s) 
< \\F\\lhs) 

Thus, by duality, we complete the proof. □ 

Lemma 4.3. Let V denote one of the Hodge operators Vi, T>2, *T>i and *T>2, let 
T)^^ denote the inverse ofV. For P^F with Pk the GLP projections associated to 
the heat equation 113. there hold for k > 0, 1 < p < 2, 

\\'^''PkF\\Ll<2-''r\\FU2 and HP^p-i^^lU^ < 2-^^-1) V"! ||F||iP . 

Proof. The first inequality can be proved by using (j4.4p in Proposition 14.11 and 
Proposition 13.41 The second can be proved by duality with the help of the first 
inequality and (ISobMip . □ 

The following result follows from the second estimate in Lemma |4 . 31 immediately. 

Proposition 4.4. Let denote either T>^^ , *'D^^ , T^2^ , then for appropriate 
S-tangent tensor fields F on H and any 1 < p < 2, 

(4.15) \\'D-'Fye<\\r'-i-'>F\\L.L.. 

Since the proof of the Hodge-elliptic estimate for geodesic foliation contained in 
[m pages 295-301] only relied on 

II^IIl^ + ||A-"«^|U~L2 <Al + 7^o, with ao > 1/2. 

Hence, based on Lemma and ProDOsition l3.2[ the same proof also applies to the 
case of time foliation. We can obtain the result on the Hodge-elliptic estimates. 
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Theorem 4.3 (Hodge-elliptic ■p'^-estimate). Let T> denote either T>i, 2?2 or their 
adjoint operators *'Di and *2?2- Then for any S -tangent tensor fields ^ and F 
satisfying T>^ = F and any 5 > cr > 0, 

(4.16) WUav^ < ll^^llp. + AollP-^i^r^.^jFll^I^,, 
where l/2<ao<q<l — cr and 6 > 4. 

We now give a series of product estimates for Besov norms. Proofs can be seen 
in [n pages 302-304]. 

Lemma 4.4. For any S -tangent tensor fields F and G, 

(4.17) ||F • G||po < Mi{F){\\r-"^G\\L^^Ll + \\rHG\\^Ll) ^^th b > 4, 

(4.18) ||F • G\\ro < M2ir^^^F)\\G\\ro, 

(4.19) WF-GW-po <mr^F){\\fGh^^Ll + \\G\\L^L^J. 
Corollary 1. Regard k,l also as elements of A, there hold 

(4.20) \\A-Fyo<{Al+noWi{r^F), \\{trx,r-')Fyo < Af,{F), 

(4.21) \\anA-F\\ro <iAl+no)MiiriF), \\anitrx,r-^)F\\ro < Mi{F). 
Proof. Let us prove (|4.20p first. Using ()4.17p for 6 > 4, we have 

(4.22) \\A-F\\.po <MiiA)i\\rifF\\L2^H) + Ik-^FH^.^. ) < AAi(A) • AAi(r^F) 

where the last inequality follows by using (|2.28p . 

By finite band property of GLP in Proposition l4.11 it is straightforward to obtain 

(4.23) \\r~'Fyo<\\fF\\L. + \\r-^Fh2. 

Noticing that tvx ■ F = l ■ F -\- 2r-^ ■ F and Afi{L) < A§ + 7^o in Proposition [2J1 
the other inequality in (14.201) follows by (|4.22l) and (|4.23p with A replaced by t. 

Applying (|4.13p to f ^ an and H ^ A- F, trxF, r^^F, (|4.2ip can be derived by 
using (|4.20p for H and the following inequalities for / 

(4.24) \\f{an)\\L^Lt~\\C + C\\L^Lt<Al+no, ||an||L- < 1. 

□ 

5. Sharp trace theorem 

The purpose of the section is to prove 

Theorem 5.1 (Sharp trace theorem). Let F be an S-tangent tensor which admits 
a decomposition of the form ^{anF) — DtP + E with tensors P and E of the same 
type as F, suppose limj^o II-F'IIl"" < 00 (^nd limf_i.o rj^i^j < cxd, there holds the 
following sharp trace inequality, 

(5.1) <mF)+MiiP) + \\Eyo. 

Remark 5.2. We will employ this theorem to estimate H^^Hl^l^ for F = (^,i/,x,C- 
By local analysis, the two initial assumptions can be checked for the four quantities. 

The following result gives the important inequalities to prove Theorem 15. II 
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Proposition 5.1. Let p > 1 be any integer, for any S-tangent tensor fields F, H 
and G of the same type. There holds 

''\"'H-Gdt' <\\H\\M^iiG) + \\Gh^L-J. 



(5.2) 

Let us further assume 
(5.3) 

then there holds for p > 1 
(5.4) 



limr^'llFllLoo = 0, lim IIGIIloo < 00, when p > 2, 



r"'VtF ■ Gdt' 



<Mi{F)Ni{G). 



go 



Using a niodified version of [H Lemma 5.3], (see in Lemma 18.11 in Appendix), 
also using Proposition 221 Proposition IS . 1 1 follows by repeating the procedure in [4] 
and [lOl Appendix] . We omit the detail of the proof of Proposition 15.11 



Proof of Theorem\^ We set ip{t) = /J an\F\'^dt', then Vt^p = an\F\'^. Due to [1 
Proposition 5.1] we have 



(5.5) 

It is easy to see 
(5.6) 



■\\r-'F\\L^. 



< \\F\ 



We now estimate ||y</7||go. In view of (I2.19p . we obtain 
(5.7) f^f^ + ^tTxf^ = 2{an)-^f{an ■ F) ■ F ~ x ■ - iC + 0\Ff. 

Using the decomposition ^{an- F) — VtP + E and Lemma ITTl we pair ^(f with 
vector field X — X, to obtain 



fLirfip ■ X) = -^rKf(p ■ X - rxf(p <E) X 



(5.8) 



+ r {2fLP ■F(g>X + 2{an)-^E ■ F (g) X ~ \Ff{C + C) • ^) 



We will not distinguish "(g)" with "•" , and also suppress X whenever there occurs 
no confusion. Note that under the transport coordinate (5,^1,^2), we have 

1^ = / {2{d^^F, F) + \F\^d^^ \ogian)}nadt' i = 1, 2, 

by assumptions on initial condition, lim(_>o ^j- = 0. It then follows by integrating 
(|5.8p along a null geodesic from to s{t) that, symbolically, 

{f'fi){t)^r-^ [ {r'an{K + x)^Lp + r'E ■ F}dt' 



r'VtP ■ Fdt' + r- 



anr'lFl^iC + Odt'. 



(5.9) +r- 
Since by Proposition |4?2l 

(5.10) ll'^^lleo « \\Ek{f^)\\LrLi + W^^hrL 

k>0 
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and the estimate of ||1Z^</'||l2^~ can be obtained in view of ()5.9p and (jSobMip . 



(5.11) 



< 



where the term on the right of (|5.1ip can be absorbed in view of ||k, xIIl^lJ < Aq, 
obtained from (12.841) and BAl. It remains to estimate the first term in (|5.10p . 

Applying Littlewood Paley decomposition Ek to ^(p ^ X via (|5.9p , we only need 
to estimate the following terms 



k>0 



Ek / r'an{K + x)'^(p 



L^Ll fe>o 



Ek / r'E-Fdt' 



k>0 



Ek 



r'Utl 



L?°L2. 



h = Yl / r'\F\^{C + C)dt' 
k>o -^0 



Use and Proposition |4~21 

h < (AAi(x) + IIxIIl-l? + Ml^l^J0^\\vo- 

Consequently, by (IZli)) . Proposition [27l ([2J9)) and ||xllLs=Lf < in BAl, 

Ji < Aoliyt^llpo. 

Apply jSSl) to /2, 

/2<||i?||po(A/-i(F) + ||FL^i2). 

By (|5.4p and Lemma |4H 

/3<AAi(P)(A/-i(F) + ||FL2=i?)- 
By dO]), gUl), BAl and ([^751) . we have 

/4<(AAi(c + C) + IIC + CI1ls=.l?)II^^-J^IIpo 

< AoAAi(^^)(||yF|U. + ||F||i^i.). 

Thus we conclude 

ll^V'bo < (AAi(P) + ||ii;||po) (aAi(P) + + Aoliy^llpo 

+ AoA/-i(P)(||yP|U. + |lP|L2=L?). 

This inequality, together with the fact that H^cpHpo < ||y(y5||go, yields 

< {J^i{F) + \\F\\l^l2) (AAi(P) + ||ii;|lpo + AoAAi(P)) . 

Combine the above inequality with ()5.5p and (|5.6p . we get 

ll^lli^L? ^ i^iiF) + II^IIl^l?) + ||£;||po + AAi(P)Ao) 

+ \\Fh^^.-\\r-'Fh. 

which implies (jS.ip by Young's inequality. 



□ 
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6. Error estimates 

We will employ the following conventions: 

• R denotes either the pair {p, —a) or /3 

• V'^R denotes either 2?f ^(p, -ct) or 

• V-'^R denotes either V^^V^^{p, -a) or ^^Dj^V 

• V-^VtR denotes either *'D~^T>tP or 2?f -a) 



Co{R) denotes [Vt,V^^]{p, -a) or [Dt,*V^^]§_ 

V-'^VtR denotes V:^^V^'^Vt{p, -a) or V^'^*V^^Vtl3_ 

V-^Co{R) denotes P^^[Dt,X>j:i](/5, -ct) or V^^[Vt^V^^]§_ 

T denotes p-^^R or (aJ + 2aA). 

V-^T denotes either p-^^ or V^^iaS + 2aA). 



6.1. Commutation formula. We will study error terms which arise from com- 
muting Vt with Hodge operators. Regard l also an element of A, symbolically, the 
commutation formula and its good part can be written as follows 

(6.1) \Dt,t\F ^ an ((A + -)fF +(A+-)-A-F + l3-F 

\ r r 

(6.2) ['Dt,f]gF an (^{A + ^)fF +{A+^)-A-F 

Due to the nontrivial factor "an" in (16. ip . the treatment in 11, Section 6] has 
to be modified. We rewrite equations (12. lip . (|2.12l) and (I2.13P as 

(6.3) L{p,~a) = Vi/3 + r-^R + A- R, 

(6.4) fL!l^*T^iip,T)+r-^R + A-R, 
where 

R := Ro + fA + A - A + r'^ A. 
We will consider the commutators 

(6.5) C(i?) = (Ci(i?),C2(i?),C3(7?)) 

given in [3J Definition 6.3] which, by using the above conventions, can be written 
symbolically as 

C^iR) ^%Vt,V-^\D-^R, 
C^{R) = [Vu1/]V-^R. 
Corresponding to (j6.3p and (j6.4p . we introduce the error terms 

(6.6) Err ■.^V^'^Vt{p,-a) - anP and Err ■.= *V^'^VtP_- an{p,a). 

Denote by ^ either Err or Err. Symbolically, ^ has the form 

= V-^{an{r-^R + A- R)}. 
We then infer from (|6.3p and (|6.4p the symbolic expression 

(6.7) V-^VtR^ anRo+S. 



For simplicity, we use {aS + 2aA) to denote the pair of quantities (a<5 + 2aA, 0). 
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By using ()4.15p with 9 = and P = | , Proposition 13.41 and the Holder inequahty 
we infer that 

(6.8) Mvo < Ik' A • RW^^^i + \\RU2 <Al+ 7^o. 
The purpose of this section is to prove 

Proposition 6.1. There hold the following decomposition for commutators, 

C{R) = VtP + E, 
[Vu'^V^\a5 + 2aX) ^ VtP' + E' , 
where P, P' and E, E' are S tangent tensors verifying 

Ni{P) + Afi(P') + \\Eyo + iis'ii^o < Ag + 7^o. 

lim(r||P|U^(5)+r||P'|U^(5)) =0. 

6.2. Proof of Proposition l6.2t Part I. In order to prove Proposition [Ol let us 
consider the structure of commutators. We first use (|6.1|) to write 

(6.9) {C2iR),f[Vt,V^^]iaS + 2aX)) = f[Vt,V-%J^ + fV-\anp ■ V'^J^), 

(6.10) {C3iR),[Vt,f]V^\aS + 2a\)) = [Dt,f]gV-^T + anl3-V-^T, 
where 

[Vt,V-\T := V-^{an{A + r^^) • fV-^T + an{A + r'^) ■ A ■ V-^T). 

The terms l^[I?t, P^^J^J-" and ['Dt,'^]gT>^^J' are the "good" parts in the corre- 
sponding commutators and will be proved to be V° bounded (see (|6.13p - (|6.16p V 
The terms i/V-'^{anl3 ■ V~'^T) and an/3 • V-^T in ([63]) and (|6J0|) can not be 
bounded in "P" norm and will be further decomposed in Section [6.71 

Let us first establish (|6.1ip . (|6.13p - (|6.16p in two steps in the following result 

Proposition 6.2. For the error terms Co{R), Ci{R), C^iR), C3{R), etc, there 
hold 

(6.11) ||Co(^)||po < A2+7^o, 

(6.12) ||Ci(i?)||po < A2 + 7^o, 

(6.13) C2{R) = fV-\anP-V-^R) + err, 

(6.14) C3{R) = anl3 ■ V-^ R + err 

(6.15) f[Vt,V^^]{aS + 2aX) = fV-\an/3 ■ V'^aS + 2aX)) + err 

(6.16) [Vt,f]V:[\aS + 2aX) ^ anl3 ■ V-\a6 + 2aX) + err 
with 

Werryo < A2 + 7^o. 

We wiU rely on ([2J9l) . (jSobMip . (fLT3| . Proposition [2Jl and Remark [221 i-e. 
(6.17) 

WAhiLr + \\A\\l<^ +^i{A) + Wr^ftTxhlL^ + ll^trxlU^ + ||i?o||L^ < Aq + ^o, 

where i, k are regarded as elements of A. 

Step 1. We first prove (|6.1ip . In view of ()6.ip . 

(6.18) Co{R) = V-\an{{A + r-^){fV-^R) + {A + r-^)-A- P^^i? + (3 ■ V-^R}). 
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Using ()4.15p with 6 — and p = | , Proposition 13.41 also with the help of (j6.17p 
and Holder inequality, we can estimate the various terms in (|6.18p to get 

(6.19) \\Co{R)\\vo<Al + no + Ao-f^i{V-^R). 

By the definition of Mi{'D^^ R) and Proposition 13.41 it follows that 

Ni{V-^R) < 7^o + + \\V-^VtR\\L^^Ll + l|Co(i?)||L?L- 
While it follows from dH]) and pIT^ that 

\\V-^VtR\\L- < ||;?||po + ||a7ii?o||L^ < + 7^o. 
Combining the above three inequalities and using the smallness of Ap we obtain 

In the above proof, together with Lemma 13. 1[ (|2.79l) and Remark 12.11 we have 
also verified the following 

Proposition 6.3. 



(6.20) ||p-ipti?|U2 < 7^o + A2, 

(6.21) \\[VuV-^]R\\l^ <no + ^l, 

(6.22) M(-F) <7eo + A2, 

(6.23) M(yp-i.F) <7^o + A2, M2{V-^F)<no + ^l, 



where J- denotes either D^^R or {aS + 2aX). 

Step 2. We will prove (|6.13p - (|6.16p . Let us first establish the following 

Lemma 6.1. Denote by T>~^ one of the operators among T)^^ , "^2^ '^^'^ *'Di^ . 
For any St tangent tensor H , b > A 

(6.24) \\r-'-^V-\anfV-'H)\\^.i^. < M,{V-'H)\\C + C\\LrLt +Ni{t-"-V-^H). 
Proof. Using Propositions 13.41 and 14.31 

\\r-^-'^V-\an1/V-^H)\\L.L. 

< ||r-i-i {\V-\1l{an)V-^H)\ + \V-^1J {anV-^ H)\) 1^.^. 

< \\r-'^-'^1/{an)V-^H\\j,..,. + Wr'^-'^V'^ HW^^^^ . 
Since by using (|2.28p . we obtain 

\\r-^-if{an)V-^H\\^,^.j. < \\r-i-iv-^Hh.^.\\f{an)h^L. 

<M(^?-^i^)||C + CllL^i^ 

and \\r-^-T^V-^H\\LtL2 < Ni{r-^I^V-^ H). Then (16:241) follows. □ 

The proof of (16. 13^ - (16. 161) can be completed by using (|6.22p combined with the 
following result. 

Lemma 6.2. Denote by either T)^^ orD2^. For appropriate S -tangent tensor 
field F , there hold 

(6.25) \\[Vu1/]gV-^F\\T,o + \\1/[V-\Vt]gF\\T,o<Mi{F), 

(6.26) \\[Vu1/V-\F\\ro<Ui{F). 
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Proof. Observe that 

m,fV-\F\\ro < m,f]gV-'F\\T,o + \\f[V-\Vt]gF\\-po, 

it suffices to prove (I6.25P only. 

We first derive in view of (j6.ip by using Lemma 14.41 with 4 < b < oo, 

m,f],V-^Fyo <N,{1IV-^F) {\\rH{anA)\\^.L. + ||r"ianA|L.^.) 

(6.27) +M2{V-'^F){\\anA- A\\-po + \\r-^anA\\-po) 

(6.28) +\\r-^anlJV~^F\\-po. 
By (|42T|) and (|6l7l) . we obtain 

\\r-^anA\\-po < + 7^o, \\a7iA ■ A\\-po < Ao7Vi(A) < + TZq. 

Then the term in (pTTfl) can be bounded by (A;^ + no)J\f2{V-^F). 

We then consider the term in (|6.28p . In view of (|4.13l) and Theorem 14.31 

\\r~^anfV-^F\\ro < ||r-iF||po + Ao||r-ip-i^||^,^Jr-iF||i-''„). 
Since by Proposition US] and (|SobMl|) . we obtain, 

\\r-'V-^Fh.^.<\\Fh.^.<f^,{F), 
also by using (|4.23p . we deduce 

\\r-^anfV-^Fyo < Mi{F) + AoJVi{F). 
By ()6.17p . it is easy to check 

\\rif{anA)\\L2L2 + \\r--^ anAW^^^^^ < Ag + TZq. 
Consequently, we conclude that 

(6.29) \\[Dt,f]gV~^Fyo < {Al + no){Afi{fV-^F)+Af2{V-^F))+Afi{F). 
We then infer from (j6.29p and Lemma [01 that 

(6.30) \\[Vuf]gV-^F\\-po <N'i{F). 

Next, we prove for 5'-tangent tensor fields F onH the following inequality hold|3 

(6.31) \\['Dt,V-^]gF\\^Ll^J^iiF) with4<fe<cx). 

Indeed, by using Proposition l43l with p = 4/3, Proposition [Ql (jSobMip . (|6Tfl) . 
(|6.24p and Lemma lOI we then derive that 

II [Vt,V~\Fh.^. < Wr'^'A ■ fV-'F\\^,^.r. + \\r'/^A ■ A ■ V-'F\\^,^.;, 

+ \\r-'V-\anfV-'F)h.i^. + Wr^'/^A ■ V-^F\\^,^.j, 

+ \\V-^F\\L^Lt X {\\A-A\\^.^. + \\\\r--2A\\L.L{) 
+ JVi{r-^/^V-^F) + AoJVi{V-^F) 
<Ni{1/V-^F)+M2{V-^F)<Ni[F). 



'We will improve the right hand side of 116.3111 to be M\{T> ^F) in the next section. 
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The combination of (jOT]) . (|O0l) and UjAJE^ gives 



mv-\Vt]gFyo < \\[Vt,f]gV-'Fyo + Ao\\[Vt,v-\F\\i,^,^ ■ \\M]gV-'F\\l-;'' 

<AAi(F). 



6.3. Proof of Proposition [672} Part II. We record the foUowing resuh, which, 
for completeness, will be proved in Appendix by using Lemma |8. II 

Lemma 6.3. For any smooth S-tangent tensor field F and for exponent 2 < q < oo, 
we have the following inequality for k > 



We will complete the proof of Proposition 16.21 by studying error type terms in 
Proposition [^3] 

Let us first establish the following result with the help of Lemma 16.31 

Proposition 6.4. LetV^^ denote either V^^ or*V^^. For any S-tangent tensor 
fields F and G on H there holds 



Proof. Note that based on Lemma 18.11 in Appendix, the inequalities [111 Lemma 
5. 1,(6. 25), (6. 26)] still hold true. We only need to modify the case ^ < n < m of the 
proof in [TTl P.310-311]. 

When I < n < m, 

anFn ■ fG„, = f{anFn ■ G„) - f{an)Fn ■ G„ - anfF,, ■ G„„ 
thus we need to consider the three terms 



where in the above inequalities, 6 > 4 and < q < 1. 



□ 



(6.32) 
(6.33) 



Ik-^-^PfcFlli,^. <2-^'^-i^Wi(F), 



\r-^V-\anF-fG)h^^Ll 



< A/'i(F)A/'i(G), with 4 < 6 < oo. 



iLn. ■■ = \K^PlV-\anfF^ ■ Gm)\\L^^Ll 

lira ■■ - \\r--^PiV-^1l{anF,, ■ Gm)\\L\Ll 
Ifnm ■■ = \\r--^PiV''\1/{an)F^ ■ G™)!^.^. 



Using C ^ < an < G, following the same procedure in [TT], we can get 



(6.34) (IzU+lf„™)<AAi(F)A/-i(G). 



0</<n<m 



Now consider Jf^ 




< 2-^ ||r5-i (C + C)a"-Fn • G„,||^,^4/3 

<2-i\\r'2-iFn-G,n\\L^L2\\A\\L^L. 
<2-i\\r-i + iGr,^\\^Lt\\Fn\\LrLt 

< 2-i-'^Mi{G)-Afi{F), 
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we obtain 

0<l<n<m 

The proof is therefore complete. □ 

Let V be one of the operators 2?i,*2?i or 2?2- In the following result, we use 
Proposition 16.41 to estimate the error type terms. 

Proposition 6.5. For S-tangent tensors G on H verifying Afi{G) < oo, set 
£i{G) := r-'^V-\anA ■ G) or V-^{anA -A-G), 
£2{G) := V-'^{anfA ■ G) or V~\anfG ■ A), 

The following estimates hold 

\\r-i£,iG)h.L. + ||r-i£2(G)|L.i. < [Al + UoWiiG) 

where A < b < oo. 

Proof Using Proposition |43l with p = f , (|SobMl|) and (pT7| . we get 

\\r-iv-\anA ■ A ■ G)^.^. < Wr^-^A ■ A ■ G\\^,^.js < \\A\\l^^, WG^.^. 

<(A2+7eo)2M(G), 
by using Proposition EZl ([223), (pTT)) and (|SobMll) . we have 

\\r-'-iv-\anA-G)h.L. < ||r-i A • G|L.^. < \\r-i Ah^^^JGh^Lt 

< (A2 + 7^o)A/■l(G). 
For £2{G), we infer from Proposition [63] and ()6.17p that 

||r-^f2(G)|L.^. < A/-i(G)AAi(A) < (A2 +7^o)A/'l(G). 
We thus obtain the desired estimates. □ 

By analyzing the expression of /? and Go{F) := ['Dt,'D~^]F, we have 
Corollary 2. The following inequalities hold for any S-tangent tensor F, 

(6.35) \\r-iv-\anp ■ F)!!^.^. < AAi(F)(Ag + 7^o) 

(6.36) \\r-iCo{F)h.^. < A/^r-^p-^F) 
where 4 < 6 < oo. 

Proof. Using Codazzi equation ()2.6|) . i.e. 

an/3 = an'^A + an{A ■ A + r~M), 

we infer 

V-\anp ■ F) = £i{F) + £2iF). 
Whence (j6.35p follows from Proposition [531 
Similarly, using (16. ip we can write 

Go{F)^£i{V-^F)+£2{V~^F) + r-^V-HanfV-^F). 
For the last term, using (I6.24p with H = F, wc infer 

\\r-'-iv-\anfV-^F)\\i^,Ll < Mi{r---V~^F){Al +TZo + 1). 
The desired estimate then follows from Proposition 16.51 

□ 
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Proof of 116.12]) in Proposition \6.Sl Combining Proposition I4.3| (|6.36p and (|6.22p 
we derive for 'D~^ either 1)2^ or V^^ , 4 < 6 < 00 

(6.37) \\r-iv-^CoiR)\\LlLl < lk'"^C^o(i?) IIl^^l^ < Afi{riv-^R) < AI + TZq. 
Observe that Ci (R) can be written symbohcally in the form 

CAR) = fV-^Co{R). 

By Hodge-ehiptic estimate (|4TT6|) with ^ < q < I and 4 < & < 00, (p?TT|) . (|OT|) 
and (jOTl) 

<Al+TZ„ + A4V-^Cf,{R)f {Al + Uaf-'' < + n^. 
This is the desired estimate. □ 
6.4. A preliminary estimate for {p,a). Define 

If, . f 



1-5*1 7s ^^'^ '^^ Wt\ Js 

We have 

Lemma 6.4. 

(6.38) |rip| + |ria|< A^+Teo, 

(6.39) Iri^l + |ri^| < +7^o. 
Proo/. By 7", Eq. (4f)], i.e. 

d 3 

(6.40) _p+_trxp-F 

where F = div/3 — • a + (C + 2^) • /?, the transport equation for p can be obtained 
as foUows 



as Js 



P) 



-antrx(an) ^p + r ^(an) ^ / (^^.P + trxp) a^^^A* 



-(an) "'^antrxp + (an) "'^ ^— -antrxp + 



anF 



and 



d 3j-3 

T^'^^P) = ^a'^trx(an)~^/ 
as 2 



+ r'^'| — (an) ^antrxp+(an) ^ ^— -antrxp + anF^ j 

= — -^r^ {an)~^ antrxip ^ p) + r^[an)~^anF . 

Integrating the above identity in i, due to hm(_>o ''^P — for any 6* > 0, we can 
obtain 

r^p(t)=r~^ ( r^ i-^antrx ■ O sc{p) + anF\ dt' . 
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In view of p.23p . (jl.lSp and Proposition [221 we obtain 



_ 3 

r 2 



/ r^antrx • Osc{p) < \\rOsc{p)\\L2L- \\r'\\LHo.t]r-^ < Wph-Hn) < 
Jo 



By integration by part on = S't, we can obtain 



r^anF ~ J ^an(div/3 — -x ■ a) + an{( + 2() ■ f3^ dp^ 
an{(^/3 — —X ■ a)dfij = f anA-Rodfi^. 



Hence by ()1.13p and Proposition 12.31 
ft 



r 2 I r'^anFdt 







<r-^||r'|U.(o,,]||(r')^A.i?olL?Li 



< A^ + 7^o. 

Following the same procedure as above, we can obtain the same estimate for a in 
view of [2 Eq. (42)]. 
Note that 

(6.41) |r(FI,lAl)| < Wr^AWl^^. < {^l + U^f 

([091) follows by connecting ([6351) with ([OTl) . 



□ 



Proposition 6.6. For A <h < oo, there hold 

(6.42) |ir-^-^P~i(an(p,-a))|L.i. < A2 + 7^o, 

(6.43) \\r-i-^V^\an{p,~a))h.^.<Al + TZo. 

Proof. Let H ^ {p ~ -a + In view of ViV^^H = H, 

X>f ^(an(p, -a)) = V^'^ [anViV^^ H) + V^\an{^, -&)). 
By Proposition 14.31 

Hence, in view of (j6.39p and (I1.13P 

\\ri-Han{p,-&))\\^,r2^ < \\ri ari{l -&)\\]~J^^\\ran{^, -&)\\] 



(6.44) < + 7^o 



ILILI ^ \\'^<J'"'yP^-<^)\\L^L^\\"J'"'{P,-'^)\\L2Ll 

lo- 

By Leibnitz rule, Proposition 14.31 and (|2.28l) . we have 

+ \\r-i-^V^\l7{an)V^^H)\\L.L. 

< iir-^-^pr^iJiL.^. + wr-Hc+QT^^'m^ 

<Ni{v^^H){i + /\l + no)<i\l + no 

For the last two inequalities, we employed (|6.17p and (|6.22l) . 
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(j6.43p can be obtained by combining ()6.42p with the estimate for r ^ {anA-A) 
in view of the estimate for £i (A) in Proposition 16.51 □ 

6.5. L'IL^ estimates for P^^E'p. For arbitrary S'-tangent tensor field F, we de- 
note by either ['Dt,'D^^]{p, —a) ■ F or Err ■ F. In what fohows, we estabhsh 
estimates for \\T^~^Ei'\\^j^2 with 4 < 6 < oo, which wiU be employed for the 
Hodge-elliptic P° estimates of error terms arising in the decomposition procedure 
in Section [6771 

Proposition 6.7. Denote by T) either Vi or I?2j for appropriate S-tangent tensor 
fields F , the following estimates hold 

(6.45) |!r-ii?-i£;f IL.^. < {^l + n,)M^{F). 

More precisely, 

(6.46) \\r--^V-\Err ■ F)U.^.<{^l + n^)M,{F) 

(6.47) ||r-il?-i([P„Pr'](P,-<^)-^)llLjL^ <(A^^ + 7^o)A/■l(^^). 

where Err is defined in 116. 6\) and 4 < 6 < oo. 

In order to prove Proposition 16.71 may use the error type terms introduced 
in Proposition 16 . 5! to rewrite (|6.6p in view of (|2.1ip and (12.12^ as 

(6.48) Err ^ V:[\antTx{p, -a)) + £i{A) + £2{A}. 

Proof of Proposition \6. 7[ (|6.47l) can be obtained by using Proposition 14.31 (|6.36p , 
(167221) and (|SobMip as follows, 

\\r~iv-\CoiR) ■ F)h.L. < \\r---iCom\LiLl\\F\\L^Lt 

<{Al + noWiiF), 
and similarly, by using Proposition 16.51 for i ~ 1,2 

\\r-iv-\£,{A)-F)h.^. < \\ri-^£^{A)\\^.^.\\Fh^L. < (Ag + 7^o)AAl(F). 
Thus, in order to prove (|6.46p . in view of (|6.481) . it remains to show 
\\r-iv-\VY\antrx{p,~<j)) ■ F)\\l.l. <f^,{F)A„. 
For this estimate, we proceed as follows. Let H ^ [p — p,—(T + (t), then iJ = 

||r-ip-i(Pri(antrx(/5,-a)) -F)!!^.^. < \\r-hv-\V-\an^TxV{D-^ H)F)\\^.^,^ 

+ \\r-hv-\VX\anXTx(]>, -d)) ■ i^)|Lji2 

By Ii and /2, we denote the two terms on the right of the inequality. Using 
Proposition [in (jSobMip . (|2:28| and (IQ^j) . 

h < \\r--^V-\antTxV-'H ■ F^^.^^ + \\r--^V-\V^\1/{antvx)V^^ H) ■ F)\\l.^. 

< llr-^p-^i/.^^ILji. + ||r-H^p-i(y(antrx)P-^i?)|L.i.||F|Uc.i. 

< \\F\\L^Lt\\r-"^V-^H\\^.L, + \\r^-H{aniTx)\\LlLl\\T^-'H\\LrLt\\F\\LTLt 

< Ui{F)Mi{V-^H) < {Al + 7^o)M(F) 
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where we employed 

||r3-iy(antrx)|LjL2 < \\rH{antrx)\t^JL2)\^{cintrx)\\l2 < A2+7^o. 
By Proposition 1131 (lOI)) and (jSobMip . 

h < \\r-i+iv-\antrx{p,~mL^,Ll\\F\\LrLi 
< ||r^-^antrx(^,-^)||ijL2||F||i~i4 
<\\ri-H-p,-^)h.^.M^{F) 
<{Al+TZ„)Afi{F). 

The proof is complete. □ 
6.6. iji^ estimates for ^ jV^^T. We will establish the following 
Proposition 6.8. Denote by V^^F either V^^R or 'D^'^{a5 + 2a\). There holds 
\\r-iVtV-^T\\L^^L2<TZa + Al 4 < 6 < oo. 
Case 1: F = V-^R. 

We denote by V^^^ either 1)2^ Err or *'D^^Err. To prove Proposition 16.81 we 
will rely on (|6.49p in the following result. 

Proposition 6.9. For^ — {Err, Err) with Err and Err given by h6. 6]) . there hold 

(6.49) Ilr-^P-IJIL^^L^ < A^+Teo, A<b<<x, 

(6.50) liyp-i^llpo < A2+7eo. 
Assuming (|6.49p . now we prove Proposition 16.81 

Proof of Proposition 1 6. ^1 for Case 1. In view of the formula 

VtV-^R = [Vt,V-^]V-^ R + V-^[Vt,V-^]R + V^^VtR, 
we only need to show for 4 < < 00, there hold 

(6.51) [Pt, V-^]V-'R\\^.^2 < A2 + Tlo 

(6.52) \\r-iv-'[VuV-']R\\r^.L2 < Al +no 

(6.53) \\r--^V-^VtRhiLl < + ^o- 

(15311) follows from with F = V-^R, by using the fact that Uilj-^V-'^R) < 

J\f2{V-^R) <Al + TZq. ([6321) was proved in (|637| . 

It only remains to prove (j6.53p . Consider first the case V^^VtR — 'D2^'D^^'Dt{p, ~ 
By an/3 = ^{anA) + an{A ■ A + r'^A) , (jSobMip and ((6Tf|) . 

\\r-"^V-\anl3)\\L\Ll < Wr-^V-^fianA) + an{A ■ A + r'^ A))\\i^.i^2 
<\\r-^MLlLl + \\r-^^'A-Ah.^2 
<Afi{A)+AfMf <Al + no. 

Then by ((639)) . we obtain 

\\r-iv-\Err + anmLiLl < +T^o- 
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In view of the definition of Err in ()6.6|) , we have 

(6.54) \\r-iv-'Vt{p, < + ^o- 
Using *V^'^VtP = an{p,(j) + E^r, Proposition [H] and (lOg)) . 

||r-*p-2Pi^|L.i. < \\r-iv^\an{p,a))h.L. + Wr-^V-^nL^Ll 

(6.55) < A2 + 7^o 

In view of (|6.54l) and (|6.55p . (|6.53l) is proved. 

□ 

To prove Proposition 16.91 wih rely on the following result. 

Lemma 6.5. Let denote one of the operators , 1^2^ or *T>^^ . For any 

appropriate S-tangent tensor field G, there holds 

(6.56) \\V-\anp ■ G)^.^. < \\A~'^° ph^Ll^iiG) 
where ao > ^ and 4 < 6 < oo. 

Proof. We can adapt the proof for 11, Lemma 4.4] in view of ||y(an)||i4ioo < 
Aq + TZq and an < C, to derive the following estimates for S tangent tensor fields 

(6.57) \\A-"ianp ■ F„MlHs) < l|A-"°p|U-i22'"r-i||P„F|U.(s), 

(6.58) \\Pmianp-V-'PiF)\\L2^s) < ||A-"VllLri?.2""^~"" llfl^^llL2(S), 

where a > ao > 1/2 and V^^ denotes either T)^^ or ^V^^ . 
Set n^i := V-^P^{anp ■ P^G), with Z,n S N. We now prove 

(6.59) J2 mnl\\L^^Ll<\\^-""p\\LrLlJ^liG), 
Ln>0 

and lower frequency terms can be treated similarly. By duality argument, Propo- 
sition |3lT] (iii) and Lemma l473l 

(6.60) ||p-iA"P,i^|U.(5) < 2(-i+"V-"||P|U.(s). 

We first prove ([6?59l) for the case < n < L With the help of (|6J0l) and (|637l) . 

Iia./||L^ < 2"(i-")'2"r-"||A-"°p|U^^i.||P„G|U.. 
Take norm for 4 < 6 < oo, and (16.321) in Lemma [^31 

W^nih^^Ll < 2-(i-")'2"(^-i)r^+i-"||A-"Op|U=.i.AAi(G). 
Since we can choose ao < a < ^ + |, we deduce 

E W^nlhtLl < ||A^"°p|UrL^M(G). 
0<n<l 

For the case < / < n, let us pair flni with any S tangent tensor F with 
\\F\\l2(^s) < 1- By 

(f]„i,P) = {Pi{anpPlG),Pi*V'^F) 

<2-V-""||A-"VllLrL^ll^nG|U2. 
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Hence, by (|6.32p in Lemma 1631 

mmWLlLl < 2""-(^+^)"r-"°+^+^||A-"«p|U=.i2M(G). 
Consequently, 

E W^nlhiLl < l|A-"VllLri^A/'l(G). 
0<l<n 

(|535|) follows. □ 

We are ready to prove Proposition 16.91 
Proof of Proposition \6.9l (j6.50l) can be derived by using (j6.49p , Theorem 14.31 and 

iH). 

Now we consider ()6.49p . By letting = 1 in (|6.46p . we obtain for 4 < 6 < cx) 
that 

\\r-^V^^Err\\L,L2<Al+no. 

Thus we only need to consider V^^Err. 

By definition of Err in (|6.6p . in view of (12. 6p . we rewrite Err symbolically as 
follows 

(6.61) Phr = *V^\antTX§_+anA ■ {fA + A-A + r'^A)) + *V^\an{C ■ p - CV)). 
By Propositions 14.31 and 16.5) 

\\r-T^V-'^{anA ■ {"f A + + A ■ A))||i6^2 < + 7^o. 
According to (I6.6ip . we consider W = \\r^^T>^'^{antTxP)\\L\L'^^ ^'^'^ 

U =\\r-"^V-\anC- p)\\^.^., V = ||r-^p-2(^^^.-)||^^^^^ 
By ^ = *Vi*V^^I3, also using Propositions |33] and ESI ^(TMj . (|6Tfl) and (lOSj) 

< y--^{antYx'^V^^mLlLl + ||ri-^y(antrx)*Pr'^||^.^4/3 

< ||r-^*Pr'^llL?Lj + V---''V^^§\\L-^Lt\\rH{aritrx)\\LrLl 

< M,{r^'^*V-^mrH{anlTx)\\LrLl + 1) < + 7^o. 

By (|2.7p . clearly ct = curlQ. Thus by Propositions 14.31 and 16.51 we obtain 

V ^ ||r-^2?-i£2(C)llLfL^ < AAi(C)M(C) < (A2 + 7^o)'. 

By Proposition 13.41 and (j6.56p . we have 

U<\\r--^V-\anp-Q\\L.^. < \\r-^+'V-\anp ■ QW^.^. 

<A/-i(C)||A-"''p|Uc.^. <(A2+7^o)2 

where we employed (|2.79p and (13. 4p to obtain the last inequality. □ 

Case 2: T — {a5+2a\). We first give a slightly stronger result than Proposition 
EH for Case 2. 

Proposition 6.10. There holds for 4 < 6 < oo, 

(6.62) ||r-5-^PfPfi(a(5 + 2aA)||iji2 < Ag+7eo. 
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Proof. It is easy to see 

\\r"^-iVtV^\aS + 2a\)\\L,L2 < ||r-^-^2?f ^ A(a(5 + 2aA) H^.^. 

(6.63) + \\r-^-^Vt,V^^]{aS + 2aX)\\L,Ll- 
By (12161) and (l2Jl) . 

(6.64) anC = 2?j"iX>t(a(5 + 2aA) - V^^{an{p, a)) + V^^ern 
where, symbolically, erri :~ an{aftTx + A ■ A). 

(6.65) < Wr-^-HanQW^,^. + \\r-^-iv^\an{p,<j))\\^.^. 

(6.66) +||r-3-i2?-ierri|L.i.. 

By (j2.28l) and Proposition 16. 61 the two terms on the right of (|6.65p can be bounded 

by 

MiiQ + Al + TZo < Al + TZo. 

For (|6J6l) . by Proposition lOl and ([6Tf| . also in view of p.23p and p.28p . we 
deduce 

||r-5-ip-ierri||i.i2 < Hr'-^ern H^.^^ 

- — - 



(6.67) <M,{f) + \\A\\l^^,< Al+TZo. 
Thus, we proved 

(6.68) \\r-^-iv^^Vtia6 + 2a\)\\L,L2 <Al+TZa. 
Repeat the derivation for (|6.36p . also using Lemma [O] 

\\r-i-^V^\Vt]ia5 + 2aX)\\L,L2 < [Al + TZoWi{r~'V^\aS + 2aX)) 

< {Al + 7^o)A/'l(a/) < {Al + TZof. 
Hence (|6.62p is proved. □ 
Lemma 6.6. 

(6.69) llernllpo + || ^P"! ern ||po < Ag + 7^o, 
Proof. By (|4.2ip . we have 

(6.70) \\an ■A-Ayo< AoJ\fi{A) < + 7^o 
Using and I^J^, we obtain 

(6.71) lla^ntrx/llpo < ^(a/) < A^ +7^o. 

Thus the first inequality of (j6.69p is proved. The second one can be proved by 
combining ((6J0)) . ((6JT1) . (|6J7)) and Theorem US] □ 
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6.7. Decomposition for commutators. In order to prove Proposition 16.11 it 
remains to decompose the "bad" terms which have not been treated in Proposition 
O i-e 

with F either V^^R or {a6 + 2aX). In view of (|6.23p and Proposition 16. 8[ the 
assumptions in the foUowing theorem are satisfied with F = D^^F. Then the 
proof of Proposition 16.11 is complete by using the following 

Theorem 6.1. Assume that F is an S -tangent tensor field of appropriate order on 
TL verifying N2{F) < oo and lFW^l'^ < oo with 4 < & < c». Then we have 

(i) There exists a 1-form Eq such tha¥^ 

(6.72) anP ^ VtV^^ R + Eo with \\Eq\\-p" < ^1 + TZq 

(ii) There exists a decomposition anji ■ F = VfP + E, where P and E are tensor 
fields of the same type as an/3 ■ F with 

(6.73) lmi||F|U^=0 
and the estimates 

(6.74) M(P) < AoM(F), \\E\\-po < Ao • {M2iF) + Wr-^f lF\\l,l2) . 

(iii) There exist tensors P and E verifying J 6'. 74\ l so that 

(6.75) fV~\an/3 ■ F) ==VtP + E, 
where T> denote either T>i or T>2, and 

(6.76) lim ||P||loo < oo 

Proof. In view of (j6.6p . we have 

(6.77) anl3 = VtV-^R + Co{R) + Err. 

This proves (i) by noting that Eq Err + Co{R) satisfies ||i?o||-po < Ag + T^o hi 
view of and (pUj) . 

Now we prove (ii). We have from (|6.77p that 

anP-F = {VtV^^R + Err + Cq{R)) ■ F ^ Vt{V^^ R ■ F) + Ef + £;f , 

where 

E^ := -V^^R ■ VtF and E^ {Err + Cq{R)) ■ F. 
By (gUl), ((OT|) and dH^) we obtain 

(6.78) \\Ef\\T,o < M2iF) {WErryo + ||Co(/?)||,.o) < (Ag + 7^o)AA2(F). 
By (jiTfl) and (|02l) we have 

\\E?\\v«<^fl{'D-'R){\\r-ifI^Fy.r.l + Wr-^fVtFh^^^) 
<{TZo + Al){Af2(F) + \\r-ifLFh.^.). 

Now we set 

(6.79) Pi:=V-^R-F and E^ -.^ Ef + Ef , 

^^In Theorem 16. II and the following proofs, R = {p, —a) and Co{R) = [Dt, 'D^^](p, — 5"), since 
the other case that R = j3 will not come up here. 
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from the above estimates we have 

In order to estimate A/i(Pi), let us estimate ||i?i||^2 first. By using Holder's 
inequality and (|Sobp . we can obtain 

<J^i{V-'R){\\fVtF\\L2 + \\r--2i/^F\\L2), 
and by using ||iJp||i2c^) < ||i?p||-po and (|6.78p we can obtain 

\\Efh.<{Al+noW2{F). 

Therefore 

(6.80) \\Ei\\L2<{Al+noW2{F). 
Now we show 

(6.81) A/-i(Fi) < mF){Al + 7^o). 

With the help of VtPi = an/3 ■ F - Ei and ([STMl) we can estimate lPiWl^ as 
follows 

WlPiU- < 11/5 • FWl^li + \\Ei\\l2 < {Al + no)M2{F). 

Similar to 2, Section 6.12], we get l|VPi||i2^2 < (Ag + 7^o)7V2(i^). We complete 
the proof of (|6J4)) . 
By (I6J91) 

(6.82) llPilU^ < \\F\\l^\\V^'R\\l^ <rHv^'R\\L^M2{F) 

Since M2{F) < oo and limj^o ll^r^-^IUs" < (|6J3l) follows by letting i ^ in 
(|6.82p . Therefore (ii) is proved. 

Finally we prove (iii) by using the iteration procedure in [H Section 6.12]. (|6.76p 
will be proved in Section |8l Let Pq '■= T^F, then we can apply (ii) to construct 
recurrently two sequences of S'-tangent tensor fields {Pi} and {Ei} such that 

(6.83) an(3-V-^P,-i^VtP,+E, 
where 2?~^ denote either T)^^ or 2?2^^ and 

(6.84) M(P) < C{Al + no)N'2iV-^P-i), 

(6.85) \\E,yo < dAl+Uo) (A/'2(p-ip.-i) + Wr-^fLT^-'P^-iW^Ll) ■ 

Such Pi and Ei = Ef + Ef can be constructed as in the proof of (ii). Then for 
i = 1,2..., 

(6.86) P,=V^^R-V-^P,^i, Po=VF 

(6.87) Ef -Pf^i? • VtV-^P,^i, Ef [Err + Cq{R)) ■ P-^P.-i. 

In particular, Pi and Ei have been given by (j6.79p . 
With the above definition of Pk and E^ , using (|6.83l) 

1/V-\anP ■ F) = VtPk + fV-\VtPk) + -Bfc, 
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where 

(6.88) Pk = ^V-\Pi + ... + Pk-i) + P2 + ... + Pk 

Ek = [1lV-\Vt]g{Pi + ... + Pfc_i) + fV-\Ei + ... + El,) 
+ E2 + ... + Ek. 
By using Lemma [STTj it is easy to see from (|6.84p that 

(6.89) AfiiPk) < {C{Al + 7^o))'=AA,(F). 
Moreover we have 

Proposition 6.11. For {Pk}T=i "-^d. {Ek}'^^^ there hold 

(6.90) ||r-iyiP-ip,||i.i. < (A2+7^o)(AA2(p-lPfe_l) + |ly^p-lPfe_l||^.i.), 

(6.91) \\fV-^Ek\\vo < \\Ek\\vo + i^l+no){M2{V-'Pk-i) + \\fLT^''Pk-i\\LtLi)- 

We will prove this result at the end of this section. We observe that Lemma [XTl 
(|6J0| . and (|6:85)) clearly imply 

(6.92) WEkWvo < iC{Al+no)f (a/-2(F) + 11^-^^^^^.^.) . 
It follows from dHH]), ^Ml, (|6J2l) and ([Pel that 

J^iiPk - Pj) < M2{F) J2 (^(^0 + ^o))" < iC{Al + 7^o))W2(F), 

j<.m<k — l 

and 

\\Ek-E,\\v« < {M2{F) + Wt-HlFWlIli) E {C{Al+n,)r 

J < T71 < — 1 

< {c{Al + n,)y{N2{F) + ||r-iy^P|L.^.). 

Therefore {Pk} forms a Cauchy sequence relative to the norm A/i(-), while {Ek] 
forms a Cauchy sequence relative to the norm. Denote by P and E their 
corresponding limits, we have 

Mi{P)<{Al+n^)N2{F) and p||po < (Ag + 7^o)(M(F) + ||r-iy^P||i.i.). 
We also observe that for sufficiently small Aq, 

\\1/V-\anP-F)-VtPk~Eu\\L- = \\1/V-\VtPk)\\L- <Mi{Pk). 

Letting k +00, we get 

\\1/V-\anP ■ F) - VtP - EWl^li = 0- 

Hence fV-'^{anl3-F) = VtP + E. This completes the proof of ([6J5|) in (in). (|6J6l) 
will be proved in Appendix. 

Now we conclude this section by proving Proposition l6.11l We first prove (|6.91l) . 
By using (|4.16p we have 

Wfv-^EkW-p" < ||i^fe||po + (A2 + 7^o)l|p-l^;fc||^.^J£;fe||i7^ 

where 4 < & < 00 and 1/2 < q < 1. 

Thus it suffices to show for 4 < 6 < cxd that 

(6.93) \\r--^V-'EkhiL2 < (A^ + 7^o) [^V-^ Pk-i) + \\f l^-' Pk^iW^Ll) • 
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By the construction of Pk and Ek, it suffices to show it for = 1. To this end, in 
view of El ~ i?p + El , we can complete the proof by using Proposition 16.71 for 
\\r^bD^^ Ei^\\i^bi^2 and the estimate 

which follows from Proposition 14. 3[ Holder inequality, (|SobMl[) and (|6.22p . 
In order to prove (I6.90p . we first note that 

(6.94) \\r-ii7^V-'Pkhb^Ll < Ik"^ [A, p-i]Pfc ILj^. + Wr-^V-^VtRkW^Ll- 
By using (|6.36p . the first term on the right hand side of ()6.94p can be estimated as 

\\r'~'C„{Pk)\\L.Ll ^■^i(r-^2?-iPfc) < AA2(r^2?-iFfc) <M(-Pfc), 
while by using (|6.83p . ()6.93p and (|6.35p . the second term can be estimated as 

\\r-iv-'VtPk\\^Ll < \\r-iv-\an0-V-'Pk-i-Ek)h.Ll 

< ■ p-iPfe_i)||^.^. + Wr-iv-^Ekh^^Ll 

< {Al + TZo){Af2{V-'Pk-i) + \\fLT^-'Pk-i\\Lb^Ll)- 
Therefore ()6.90p is proved. □ 

7. Main estimates 
Lemma 7.1. Let F = ^trx, ^,A- A, r^^A, there holds 
(7.1) \\fV~\anF)yo < + 7^o + ||P||po 

where is one of the operators T^i , 2?2^ , *2?j^ . 
Proof. By Proposition 14.31 and (j2.79p . we have 

\\V-HanF)\\^.L2 < WanrFh.^. < ||rF||^.^. < A^ + 7^o. 
By (f2J9l) . ||P||i2(„) < A^ + 7^o. We can infer from Theorem gS] and (jil^ that 

\\fV-\anF)yo < WanPyo + A^ + 7^o < ||F||po + Ag + 7^o. 
as desired. □ 

Now we improve B Al with the help of Theorem 15.11 
7.1. Estimates for i' and \a — 1|. 
Proposition 7.1. 



4 

Proof. We rewrite (|2.17p as follows 

—'^i' ~ i^C^a) + eri2, and err2 — -trx^a + x ' '^o, + A ■ v. 
Let us denote symbolically err2 = trx ■ A + A ■ A, hence 

—'^{aniy) = Vtfa + anefr2 
with efr2 — —'^1 \og{an)v + err2 ^ A ■ A + r~^A. By (I4.2ip we can obtain 

\\anefi2\\v° ^ AI+Uq. 
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Applying Theorem 15.11 to P — and E = an ■ err2 , we have 

II^IIl-l? < AAi (z/) + A/l (P) + II anOTa I |po < A2 + 7^o, 

where in view of ([279]) . M(i^) +A/'i(-P) < A§ + 7^o. 
In view of i' :— — and a{p) = 1, 

|a - 1| < ^ |z/|nadt' < Hj^L^l^ < + 7^o. 

With Aq + TZq being sufficiently small, |a — 1| < j can be achieved. Then Propo- 
sition 17.11 follows . □ 

7.2. Estimate for C- 
Proposition 7.2. 

IICIU-L? < A^ + 7^o. 

Proof. By (HilD 

li^Pfi ian{p,a)) = fV^^^V^^Vt^-fV^^Err 
= VtfV-^R + C{R) + 1lV-^:S- 

By Proposition 16.11 there exists P and E such that C(7?) = VfP + i?. 
Let P = P + i/V-'^R and P = ^P^^J + P. Then by (fOSl and (|630l) 

lZ^2?r' (a"(P, f^)) = T^tP + P, A/KP) + ||P||po < A2 + 7^o. 
In view of (j6.64p . 

y(anC) = '^X>f\Pt(a(5 + 2aA)) + y2?j;^(an(p,cr)) +yPf^erri, 
(7.2) = Vt'9V:[^{a5 + 2a\) + ['^V^'^ ,Vt]{a6 + 2aX) + '^V^^crii +VtP + E. 

In view of Proposition 16. li there exists P' an P' such that 

A](a(5 + 2a A) =VtP' + E', with A^ilP') + ||P'||po < A^ + Teo. 

Let P" = P' + y2?j^^(a^ + 2a A), we conclude that 

VtfV^\aS + 2aX) + [fV^\Vt]iad + 2aA) = VtP" + E' . 

By dOS]) . A/^P") < A^ + Teo. Hence, we obtain 

y(anC) = 2?tP3 + S3, 

where E^ = E' + f'D~'^eTTi + E and P3 = P" + P. Also using Lemma H^l for 
liyPj^^errillpo, wc can conclude that 

IIP3IIP0 < A2+7^o, A/-i(P3) < A2+7eo. 

Proposition [Ll then follows by using Theorem [5l1 and AAi(C) < + 7^o■ □ 
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7.3. Estimate for x- 
Proposition 7.3. 

IIxIIls^l? < Ag + 7^o 

Proof. First, by 



div(anx) — —an'^trx + ~ o-nfi + anQx 

= anM + anA ■ A + r^^anC, — an/3 

from (|6.6p . 

anl3 = V^^Vt{p,-a) with = Srr. 

Hence 

div(anx) = anAI + anA ■ A + r^^'^an^ — 2?]^"'^2?((/5, —a) + 5^ 

This gives 

anx -X>2"^Pf -0-) +P2"^(5' + anM + anyl ■ A + r^'^anC). 

Set ^ P2"i2?f 1 and = P2"\ we obtain after taking covariant derivatives 

(7.3) fianx) = -fV-^VtR + F + fV-\anM), 

where F = ^^^^{^ + anA ■ A + r^^anQ and M = ftix- 
By (1^301) and 

(7.4) ||F||po < Ag+7^o. 

Consider the first term on the right of (|7.3p . By using the notations in (|6.5p . we 
can write 

fV-^Vt{H} = Vt{fV-^R) + C{R). 

where, by Proposition 16. 1[ there exist tensors P' and E' so that C{R) — VtP' + i?' 
and 

(7.5) Ni{P') + \\E'\\-po<^l + TlQ, limrllP'llioc =0. 
Thus (17.31) becomes 



(7.6) y (anx) =VtP + fV-^{anM) + E 

where P = ^IV-'^R + P' and E ^ F + E' . By using (gSSl) , dH]) and ([73]) 

(7.7) A/'i(P) + ||^||7^o < A2 + 7^o, limr||P|Ujo =0 



t-i-O 

By combining (|7.6p with (|2.4I) we obtain 

M + -trxAf = -X • M - 2(an)-ix(2?t^ + ^ + 1lV-^{anM)) - -(trx)'(C + C), 
as I I — 

regarding t as an element of A, symbolically, 

+ {any^i 

+ (r-M + A • A) • A + A 



3 

+ -trxM = A • M + (an)"ix ' (A-P + + fV-\anM)) 



Then 



3 

Vt{r^M) = --r^annM + r'^an{A ■ M + (an)"^x(AP' + + V'f^an-Af))} 
+ r^any4(A ■ A + r^M) + ranA. 
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Let us pair ^trx with vector fields Xi in Lemma l4?l] which is still denoted by M. 
Regarding k also as an element of A, integrating in t, in view of lims_i.o r'^ti'X = 0; 

M^r-^ [ r'^anA- M + r'^x-VtP 
Jo 

+ r"^ / r'^A ■ {E + fV^'^(anM) + miA ■ A + r'~^anA) + anr'Adt'. 
Jo 

Using Lemma [4?1] ()5.2p and ()5.4p in view of limt^o llxlU^ < OO; we can obtain 

\\r-^ [ r'^A ■ {an{M + A-A + r^M) + E + fV-^ianM)) + r'^x ' T^tPh" 
Jo 

< {AfAA) + \\Ah^L.){Af,{P) + \\Eyo + \\fV-\anM)yo 
+ \\anM\\-po + \\r^'^anA\\-po + \\anA ■ AW-po). 

By Proposition [421 (1232]) . (jiTHj) and ([2J9l) . we obtain 

f anr'Ayo < \\r-'anAyo < Ui{A) < + Uq. 
Jo 

Hence, in view of (|4.13p . BAl, (|4.2ip and (fTJj) . we can obtain 

l|M||po < (M(P) + ||M||po + ||S||po + A2 + 7^o) (aAi(A) + ||v4|L<.^2) + Ag + 

(7.8) 

< Ao (||M||po + A/-i(P) + ll^llpo +Al + 7^o) + Ag + 7^o. 

Since < Aq < 1/2 can be chosen to be sufficiently small such that the first term 
of (|7.8p can be absorbed, in view of (|7.7p we then obtain that 

(7.9) ||l^trx||7>o < A2 + 7^o. 

Thus, by setting E = E + fV^^ianM) we obtain from ([7^ . (fTTj) and (fTJ]) the 
decomposition 

(7.10) ^{anx) = VtP + E and M(P) + ||i^||po < A^ + 7^o. 
By Theorem 1 5 . 1 1 and (|2.79[) . we conclude 

IIxIIl^l? <A/'i(x)+A/'i(P) + ||^||po < A2 + 7^o. 

as expected. 

□ 

Similar to the derivation of (17.91) . we can get 

(7.11) \\rHtrx\W<I^l+na. 
7.4. Estimate for C- 

Proposition 7.4. 

llCILs^L? < A^ + 7^o. 

Proo/. By using (g^ and (EH), 

div(anC) = anC, ■ C, — anij — anp + —a^nStrx, 
curl {anQ = ana + an{( + C) A 
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Symbolically, T)i{anC,) = anA ■ A — an{fi, 0) — an{p, —a) + an{adtTx, 0). Hence 
an( = -V^\an{p, + V^^{anA ■ A) - ^ (an(^, 0)) + 2?f \an(r"iA, 0)). 

Let J be the involution (p, a) — (— p, cr), 3^ = Err is given by (|6.6I) . 

f{anC) ^fV-^-J-*V-^Vtl3_ + fV-^-J-^^fVY^{anfi,0) 
+ fV^^{an ■ A- A)+ fV:[^{r-^miA,0). 
Set ^ p-i . J . *2?-i -p-i ^ p-i^ By ^sij^g (|q3])^ gg(. 

y (anC) = VtfV-^§_ + C{R) + ^^^^(anM) + F 

where Af = (/i, 0) and F = "^V^ + an(A ■ A + r"M)) . 
By (16301) and ([23]), we derive \\F\\-po < Ag + 7^o. 

In view of Proposition IO] for some tensors P and E such that C{R) = VtP + E. 
With E = E + F,P = P + we can write 

y(anC) = I'tP + fV-^{anM) + E, 

and 

(7.12) A/-i(P) + ||^||p" < Ao + ^o, linrr||P|U^ =0 
Let M — {fi, 0), (|2.15p can be written as 

+ trxM = 2(an)-ix {'DtP + E + fV-\anM)) - 2x • C ' C + (C - 2C)trxC 
+ ytrx(C - C) + trx/5 + Qa'trx + |xP - ^ai^(trx)'. 

Symbolically, 

-^M + trxM =(an)-^x ' (A^" + fV-^(anM) + E) + trxP 
as 

(7.13) + ^ • (A • A + r^^A + ftrx) + r^^atrx^. 
In view of limt_j.o r^fi — in Lemma l2.1[ we deduce 

(7.14) M = r'^ (^ann ■ M + x- VtP + A- F ^ antrxp + r'^^a^ntrx^) dt' 

with F = an{A ■ ^ + ^trx + r'M) + E + fV^'^ (anM). 
In view of Proposition 15.11 regarding k as an element of A, 



B° 



(7.15) r-^ r'^ (^ariK • M + x • VtP + A ■ F^ dt' 

< (M(A) + WMl^l^) {WanAiyo +M(P) + \\Fyo] 
Note that by dMU, (01131), dZH) and (pT7| . we deduce 

WFWv ^ ||ar7.(yl- A + r"^A)||-po + \\anf trxWv" + \\E\\v" + \\fV^'^ {anM)\\-po 
< WftixWr" + \\E\\v« + \\Mya +Al+ TZo. 
By dlSl) and (TTT^ 

\\F\\-po<Al + no + \\M\\vo. 
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Hence, by (jOTl . BAl, (j4l^ and (02ll 

< M\\M\\vo + Al + no). 

Assuming the following estimate for T'" norm of the last two terms in (|7.14p 



(7.16) 



r'^ (^antixp + r' "'^a^ntrx^^ dt' 



■po 



since < Aq < 1/2 can be chosen sufficiently small, we conclude that 
(7.17) p/||po < A^+Teo. 

By (HH) and (l279l) , ||^P-i(anM)||po < Ag +7eo. 

In view of (fH^ . we have ^(anC) = A-P + i^'", with ^ E + fV-^{anM). 
By Theorem EH 



IICIIlj>l? < f^iiP) + \\E"'y« + AAi(C) < A^ + 7^o. 

We now prove (|7.16p . With the help of (|6.4p . by letting 

p' := *V^^P, e = [*V^^,Vt]^ -E^r + anA ■ A, 

also noting that (|6.1ip gives || [Pt, *X'f ^]^l|-po < Aq + TZq, combined with 
(|4.2ip and (|6.17p . we can get the following decomposition 

(7.18) an{p,d)^Vtp' + e' with J\fi{p') + \\e'\\-po < 1^1 + Uq. 

(I7.16P can be derived by establishing the following inequalities 



(7.19) 
(7.20) 



< Ag + 7^o, 



Jo 

r'^trx (e' + r'^^anA^ dt' 



■po 



To prove f^TWf . by Proposition 1121 (|232l) . also in view of (|42T|) and (fTTSl) . we 
can obtain 



r' (e' + r' ^anA^ dt' 



< 



\\e'yo + \\r-^anA\\ro<Al + TZo. 



•po 



By (lEll) and (ITTS)) . we get 



'2 / ji/ 
r L ■ e at 



< 



(M(0 + MlLs=L?)l|e'||7^o <A2+7^o, 



and similarly 



r ^ / r't • anAdt' 



< 



go 



(^(0 + IMlL3=L?)lk"'a"^l|p" < + 7^o. 



The proof of (|7.20p is complete. 

Now we prove (fTTO)) . Recall that p' = then 



(7.21) 



lim rp' = 0, Wtrxp'Wv" < A/^p') < + A^. 

s— >0 
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Using Proposition 14.21 and (|7.21|) . also in view of we derive 



1 



/ r'hixVtp'dt' 



■pa 



< 



E 

A:>0 



k>0 



< 





+ 


— / r'^iix^tP dt' 




Jo 




r Jo 




(r' trxp') II L?L2 + 


IE..-' J 


f Vt{r'hrx)p'dt'\\L 






+ l|trxp'||L^(«) + 


iWLP'lltjLJ 





E 

fc>0 



EkT- 



-1 / „'2. 



i?,r-i / r''an((trx)' + |x|')p'dt' 
Jo 

Using JSSl), (li^Tll . BAl and (l279| . 



E 

fc>0 



< 



< 



(a/'i(x) + IIxIIls=l?) Ik'^x -yilpo 
(A2 + 7^o)A/■l(p') < A2 + 7^o, 



where for the last inequality, we employed (|7.18p . 
It is easy to see by ()4.20p 



E 

fe>0 



EkT ^ I r'^antrxtrxp'di' 



< \\trXp'\\vo<J^iip'). 



and 



E 

fc>0 



< 





' r''^an(tTx)^p'dt' 








J 











( 


EkT ^ / r'^ ariKtixp' dt' 


+ 


EkT ^ / r'"^ antrxtvxp' dt' 




Jo 






Jo 



(7.22) 

< \\anK ■ rtrxp'llpo + ||trxp'||po < (A^ + TZo + lWi{p') 
where we employed (|4.20p and 

(7.23) \\anK ■ trxp'H^o < A/'i(p')(Ag + 7^o). 
To see ([7^23]) . we first deduce with the help of (|4TT3l) that 

(7.24) \\anK ■ rtixp'\\v° ^ ll'* ' ''trxp'Upo. 
By (|4T7l) with G = rtrxK 

(7.25) ||KTtrxp'||po <J\fi{p') (^\\r-2f{rtrxK)\\L2in) + Ik'^^trx^tlLji^) 
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where 6 > 4. Since ||rK||Loo < C and 

\\r^^{rivxn)\\L^(H) ^ lk^^trxK||L2(«) + ||rnrx'5Z^K||i2(„) 

where for the last inequahty, we employed (|2.79p and Proposition 12.71 And by 
we have 

||ri-hrxAi|L.i2 < \\r~-^^i\\^Ll < + 7^o• 

Thus in view of t^TI^i and (H^l, ([7:^ is proved. In view of (HSU, ([71^ is 
proved. □ 

Similar to (|7.17p . we can obtain 

\\r^fi\\BO <Al + TZo. 

8. Appendix 

8.1. Dyadic sobolev inequalities. We start with proving Lemma [6.31 and a few 

useful consequences, which will be used to prove (j6.76p in the second subsection. 

Let us still regard k and t as elements of A. Using Propositions l2.51 12. 7[ Lemma 
12.81 and (|1.13l) , more precisely 

ll^l!L?L^ + ll/?llL?L^+A/'l(A)<A2 + 7^o, 

we can adapt the approach in |4j Lemma 5.3] and \W, Chapter 9] to derive 

Lemma 8.1. For any smooth St tangent tensor fields F and all q < 2 sufficiently 
close to q = 2, 

(8.1) ||r5-i[Pfc,P,]F|L,i. +2-'^||ri-^y[Pfc,Pt]FL,i2 <2-t+A/-i(F), 

(8.2) \\r--2[Pk,Vt]F\\^Ll+2-''\\rif[PkM]FhlLl<2-''+Afi{F). 

Now we are ready to prove Lemma 16.31 

Proof of Lemma \6.3l The result is trivial when q — 2. So we only need to consider 
the case q > 2. It is easy to get the following estimate 

Moreover we have by integrating along an arbitrary null geodesic, 

\\r-^PkF\\l.Lr ^ \\Pk{VtF)\\r^2L.\\r-'P,F\\r^.Ll + \\r-'[Pk,Vt]F ■ P^F^.^^ 

(8.3) +\\r-'PkF\\%^.^. 

We can obtain the following estimate with + - = 1 and 2 < g < oo 

o q' q ^ 

\\r-^[PuMF]-PkF\\LlLi < \\r'-'HPk,Vt]F\\^,,^,\\r--.-^PkF\\L^^Ll 

(8.4) <^''^^J^iiF)\\r~^~^PkF\\LiLl 
where we employed Lemma l8. II to derive the last inequality. 
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Combining the above estimates we obtain 
llr-^-iPfeFf^,^, < ||r-ip,.F||i.^.(||F,(AF)||i.^.||r-iPfeFL.^. 

(8.5) +2-t+M(P)||r-^^PfeF|L,^. +||r-ip,F||i.^.)^"' 
Using HAL we get for any < a < 4x7, 

Combine ((g^ and ((O^ with 2 < q < oo, by using (g^l) we obtain 

To see ([OS)) . we derive by (jSobp and (gj]) 

< (2* +l)||r-3-ip,F||i,i2. 
Combined with ((O^ . follows. □ 

Lemma 8.2. Let 2?^^ denote one of the operators T)^^ , "^2^ '^'^'^ *'Di^ . There 
hold the following estimates for appropriate S tangent tensor G, 

(8.6) \\V-'P^G\\l^li ^ r"-2-"-^Ni{G), k > 0, 

(8.7) \\fV-'P^Gh^Lt<J^i{G){l + 2-ir^\K\\i^), k > 0. 

Proof. (j8.6p can be obtained by using Lemma [4.31 and (I6.32p . Now consider (|8.7I) . 
For any S tangent tensor fields F, define 

\\F\\hi = \\fF\\L2^s) + \\r~'F\\L2^s)- 
Recall by Bochner identity contained in [3j, there holds 

(8.8) Wf'Fh. < \\m\Ll + \\K-FUi + \\K\\yfFht+r-'\\F\\Hi, 
and by Sobolev embedding 

(8.9) \\F\\L^<r-^\\f^F\\yF\\]^ + \\F\\hi, 2 < p < oo. 
It is easy to observe from [1, P. 38] that symbolically 

(8.10) ^^*VV±{K + r-'^Id). 

Hence with 2 < p < cxd, 

(8.11) ^ 

Wf'FUi < rVVFUi + ll^llI^r^llPlI^. + WKUiWfFUi+r-'WFUi. 
For F = V^^H, using Proposition 13.41 

Wf'v-'HU. < rVHhi + ll^llff r^||p-ii/||Hi. + \\K\\Li\\fV-^HUi 
+ r-'\\V-'H\\Hi 
< rVH\\^. + WKWl^r^WHU. + {WKUi+r-') 
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Let H = P^G, by (gj]), Proposition [331 Lemma 1431 we obtain, 

Wf'v-^P^Gh. < rVP'^Ghi + m\Li+r-')\\P^Ghi 
<{{2' + l)r-' + \\K\\Ll)\\PkGhi. 
By (ISob)) . Proposition |33 ((02l) 

WfV-'PiGh. < \\tv-'PiG\\l,\\fV-^P^G\\l,+r-^\fV-^P^Gh. 



<(l + 2-^r^||X|||,)A/-i(G). 



□ 



8.2. Proof of (j6.76p . We first prove (|6.76p by assuming the following results. 

Lemma 8.3. Denote by V^^G one of the terms V^^G, 2?2^^G' and *'D^^G for 
appropriate S tangent tensor G. Let F = V^^R ■ V^^G, we have 

WfFWso^ <M(G) [Al + no + corH\\V-'R\\L^ + \\RU. + r^VRU^)) 

where Cq depends on \\rK\\ f.oo + K_^^. 

Lemma 8.4. Let V^^ denotes one of the operators V^^ . V^^ and *'D^^ . For S 
tangent tensor H , there hold 

(8.12) \\fV-'H\\Bi^ < rVH\\BO^ + WHUi + cor^NiiH), 

(8.13) \\fV-^H\\L^ < W^VHllBO^+icor" + l){\\fH\\L2 + \\H\\L^2^+cor-2MiiH)). 

where cq is depending on the quantity r\\K\\Lac= + K^^ + r||yj^r|| r2 , and 9 > Q 
very close to 0. 



ts 



Let us set P = X^^i Pi and P = fV-'^P. Since P = P + P - Pi and in view of 
(|6.73l) that hmt^o = 0, (|6.76p can be proved by establishing 

(8.14) lim llPlkco = 0, and lim llPlUoc < cx). 
In view of jnUl), we have by (|SobM2p . Lemma O and (16:89)) . 

mh^ < iipr'^iu-ii^^'^.-iik- <r^\\T^i^R\\L^j^2iv-^P-i) 

< rWi(P,_i)||Pr'^IUs= < rHc{Al+no)y-'N-2{F)\\V^'R\\L^. 
Summing over i > 1, with (Aq + T^o) sufficiently small, 

\\P\\l^ <r--M2{F)\\V^'Rh^. 

Noting that limt_^o \\T^i^R\\l^ < oo and A/2(P) < oo, 

lim IIPIIlo. = 0. 

It remains to prove the second part of (I8.14p . By (|8.13p . there holds 

(8.15) ||P|U^^ < ||yP||B5, + {cor' + 1) (WfPhl + \\P\\lI + cy^Mi{P) 
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Recall the definition of Pi in (|6.86p . For each Pi = V^^R ■ V^^Pi-i, by Lemma 
15:31 there holds 

+ AAl(P,_l)(A2+7^o). 
In view of (j6.89p . summing over i > I gives 

i>i 
i>l 

+ ^(C(A§+7^o))W2(F)(A2 + 7^o). 

i>l 

Hence 

\\fP\\BO,<co^f2iF)r^ {\\V-'R\\Ls^ + \\R\\Li+r^\\VR\\L^) 

(8.16) +A/■2(F)(A2 + 7^o). 

By dEHSl), (jSobMip . LemmaO and (P?^ . 

\\P^\\Ll<r-^\\'Dl'R\\Lt\\V-^P^-l\\Li < NiiV'^ R)r~^ NliV^^ P^-l) 
< A/-i(P,_i)(A2 + TZo) < {C{Al + TZo)y-\Al + 7^o)M(F). 

Therefore 

(8.17) \\Phi<iAl+noW2{F). 
It is easy to derive from P = J2iyi Pi and (|6.89p that 

(8.18) AAi(P) < (A2+7^o)AA2(P). 

Thus in view of ([8?T5|) . the combination of (|8T6l) . ([8Tf| and (|8TT8l) implies 

lim ||P||l- < J^2iF)iAl + TZo) < 

as desired. 

Proof of Lemma \8.S\ Let us compute [|V'F[|i2 first. 

\\^FUi = \W{V-'R-V-'G)Ui 

< \\fV-^R\\L2\\V-^G\\L^ + \\V-^Rh.\\fD-^Gh.. 
By (|SobM2p . (jSobMip . Proposition [3H Lemma O and (lO^ . 

II^^IIl^ < r"2\\R\\^,M2iV-'G) + N-iiV-'R)N-iifV-'G) 

< (r^||i?||^. +A/-i(p-ip))M(G) 

< (r^||i?||^. +A2+7^o)A/'l(G). 

Now we prove 
(8.19) 

J2 \\PkfiV-'R ■ V-'G)\\l2 < coAAi(G)r5 {\\V-'R\\l^ + \\Rhi + r^0R\\L^) ■ 

k>0 
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Indeed, we will employ GLP decompositions to write 

G=J2 P?nG + P<oG + U{oo)G. 



m>0 

For simplicity, we consider the high frequency terms X]m>o ^mG- The other two 
terms can be treated similar to Case 2. 
Case 1: fc < m. By gj]) and (gH), 

\\Pk1/{V-^R-V-^G^)\\Li<2^-'-^/^Mi{G)\\V-^R\\L^. 

Thus we obtain 

^ ^ \\Pk1/{V-^R-V-^G„,)\\Li<r"^Mi{G)\\V-^R\\L^. 

k>0 m>k 

Case 2: k > m. We decompose further such that 
(8.20) Pkf{V-^R ■ V-^Gr,,) = PkfiJ2 Pn + P<o)iV-^R • V-^Gm). 

n>0 

For simplicity we consider the high frequency terms, and the low frequency terms 
can be treated similarly. We can adapt the proof for [11, Proposition 4.5] to obtain 
the following inequality for S tangent tensor field F and 1 > a > uq > ^ 



\\Pk'^P'^F\\L2 < ^2"""'''^^"-'2^^'"^'^'r^"'" ^ 2™'"^'^'"-'2"*-"'"^"-' '"'^'^^'^'"-'iir 

(8.21) +2-l'=-"l||^||2.^„„)||P„f^|U.. 

Let Inm = WPniV-^R ' V'^Grn)\\Ll, ^ave 

\\PkfP^{V-^R-V-^G„MLi 

<^ ^2i^i^^^('^')^*') 2~^l'^^~'*''l 7"" -|- '2~{^~<^) ji^ j,~ 

(8.22) +2-l^-"l||^||^^„Jl„„. 



Now we estimate Inm- Let us first consider the case that n > m > 0. By 
Proposition 23] (hi), we have 

< r^2-^^(\\^V-^R ■ V-'Gmhl + \\Pn{fT^-'R ■ fV-'G^)\\L2 
+ UV-^G„^-V-^RU2^ 



By (IHH) and (I5JU)) . we have 

\\/^v-^r-v-^g^\\li 

< i\\fmL^ + m\L^\\V-^R\\L^ + r-^\\V-'R\\L^) 2-'^riMi{G). 
By (1131), Propositions [Xil and (lO) . 

\\Pn{fV-^R-fV-^G„,)\\L2<2'^r--^\\fV-^Rh2j\fV-^G^h. 

< 2^r-^\\R\\L2f^i{G) (l + 2-^r^ \\K\\l2^ . 
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By (|8J0l) . (|431) and ([QS]) . (HH), we obtain 

< ||p-'i?||L- (irmnlU^ + \\K\\L^\\V-^G,-,,\\Li+r-^\\V-^G„,\\Li) 

< \\V~^R\\l^ (2^r-^ + \\K\\L^2-^r^ + r-^^*) M(G). 

Hence 

Inrn < r^2~^"^fl{G)(2^r-^\V-^R\\L^ + 2^r-^\R\\L2jl + 2-^ri\\K\\Li) 

(8.23) + ||yi?||Loc2-^ri + ||^||ioc ||2?-ii?||ioo2-^ri) . 

Combined with (j8.22p . summing over k,n,m > for the cases k > n > m and 
n > k > m, we summarize the results as follows 

\\PkfP^iV-^R-V-^G,n)\\Ll 

k,n,'m>0,k>'m,n>m 

< cof^i{G)ri {\\V-^R\\l^ + \\R\\l2 + r^\\fR\\L^) 

and Co depends on Hr^XHioo + K^^^ + WKWli- 

It remains to estimate Inm when k > m > n. By (|8.6p . 

(8.24) Ir,^ < \\V-^R-V-^G^h2 <2-'^riMi{G)\\V-^R\\L^. 
Combined with (|8?2T1) 

(8.25) \\PkfPn{T^-^R-T^'^G^)\\Ll<coAfi{G)r-^\\V-^R\\L^ 

k,n,m>0,k>m> 71 

□ 

Recall the following expression holds symbolically for any 5* tangent tensor F, 
(see [3],[lTl page 300]), 

(8.26) [f,/^]F = f{K-F)+K-fF. 

Proof of Lemma \8.4\ Assuming (|8.12p . we first prove (I8.13p . For simplicity let us 
set H = fV-^H. We have by [1 Proposition 3.20 (x)], 

(8.27) \\H\\Lr < E ^'r-'WPkHhl + r'coiWfHhl + Wr-'Hhl), 

k>0 

where cq depends on ||i^||L2, and 6* > is very close to 0. 

The first term on the right of (|8^ can be bounded in view of ()8.12p . 

(8.28) \\H\\bi^ < rVHWgo^^ + \\HUi + r-^coNi{H). 

We then estimate \\fH\\L2 , by applying (|8TT1) to = V^^H. By using Proposition 
[Ol and (jSobMip wc can obtain 

(8.29) \WH\\li < \\*VH\\L2+r-^\\H\\L2+ricoMi{H), 

with Co depending on \\K\\ 72 . 

By combining (E^S), and and Proposition EH follows. 
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Now consider (|8.12|) . Using GLP projections, we need to prove 

(8.30) J2 ^"r-'WPkfP^n-D-'m^. < rVHWso^+cor^M^iH) 

k,m>0 

(8.31) 2''r-^\\PkfP<oV-^H\\L2<cor-^Af,(H), 

where cq depends on II^^Hl^ +'"||yi^||L2 +?'||i^||L~- 

The proof of (|8.3ip is similar to the following Case 1 of the treatment for 

Ik,n ■.^2''r-'\\PkfPlV-'H\\L2, 

thus we will give the proof of (|8.30p only. 
Case 1: k > m. By 

(8.32) Ikm < 2-^r{\\Pkf/^^PlV-^H\\L2 + \\Pk[^,f]PlV-^H\\L2) . 

Let us denote the two terms on the right by I^,^ and l|„j respectively. In view of 
([SAO)) . (|43l) and Lemma l43l we have 

^Im ^ 2~^r\\Pk1/Pl,{*VH + KV-^H + r-^V-^H)\\Li 

(8.33) <2'^-''\\Pj'VH\\L2+2-''r\\H\\Li+2-''r\\Pk1/Pl{K-V-^H)\\Li 
We only need to employ (|8.2ip to estimate the last term of ()8.33p . 

2-''r\\Pk1lPl,{K-V-^H)\\L2 < (^-S'Vn-k] ^ 2-\"'-k\2-{i-^)k j^^y-o. 

(8.34) + 2-'^2-\'^-"Mk\\1iK^,) \\PAKV-^H)\\l2. 
For the last two terms, in view of fc > m, (jSobM2|l and Lemma [Ql 

^ (^2-\'n-k\^-(i-<.)kj^y-<. ^ 2-'=2-l'^-"lr||X|j22^„„) \\Pm{KV-^ H)\\l2 

(8.35) < (ri- + r||^||2.) \\Kh2rhM,{H). 

Let us decompose K_ — J2n PnK. + K. and consider the high frequency term for the 
purpose of simplicity. With the help of Proposition [3iH the proof contained in [TTJ 
pages 299-300] implies for to, n > 

(8.36) \\PUKJ)-^H)\\l2 < 2-tl"-"l||P„^|U2 {\\V-'H\\l^ + \\H\\l2J . 
Therefore the first term on the right of (|8.34p can be estimated as follows, 

k>m n>0 

^ E E2~"™"""^""""'ii^n^iUs {\\t^-'h\\l^ + \mL2j 

k>m n>0 

< WKWBoyMiiH) 

where we employed (ISobM2p . Lemma lOl and (ISobMip to obtain the last inequal- 
ity. It is easy to check by that ||i^||so^ < \\K\\lI +r0K\\Ll- Consequently, 

J2^L<r'DH\\Bl,+r^orij^iiH). 
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Now we consider with the help of ([Qe]) and (|SobM2p . also using (|43l) and 
Lemma 14.31 

< {\\Pu1^{K ■ PlV-^H)\\^. + \\P^{K ■ fP?^V-'H)U.) 

< 2-'^r[\\fKU.\\PlV-'Hhr + \\KU^\\fP^,V-^HU. 

+ r-'\\P,{l7P^,,V-'H)Ui) 

< (rW^mLir'^m-D-^H) + r\\K\\L^ \\H\Ui + r-^!|H|U^) • 
Also using Lemma [3. II and (ISobMip 

E nrn<{r\\1imLl+r\\K\\L^)r--mH)+r-^\\H\U.. 

k>m>Q 

Case 2: k < m. Consider Ikm in this case by (|4.2p and (|4.ip . 

Ifc™ < 2''-^"W\\Pkf^PlV-^HUi 

< 2^-^"W{\\Pr,/U1/PlV-^H\\Li + ||Pfc[y,4^]P„\p-ii/|U2) 

(8.37) < 23'=-2m^-i||p^yp2p-i_^||^^ ^2'=-2™^||p^jy^^jp2p-i^||^^^ 

Let us denote by I^,,, the first term in the line of (|8.37p and by 1^,^ the second 
term. Consider first. By (031), g^]) and ([51^ 

By (133), Proposition |33 (|SobM2p and Lemma [311 

(8.38) < 2-^riU^{H) {\\1/K\\lI + ll^lkr) • 
Also using Lemma [4.31 

< 2-*l'=-'"l (llP^-^Pi/IU. +r-i2-™||if|U. + 2-™riM(ff)(||y^||Lj + ■ 

Hence, we obtain 
(8.39) 

E XL < rVHU.^+T-^\\HU.+r'^M,{H) {r\\1/KU.+r\\KU^) . 

k,m>0,k<m 

Now consider in view of (|8.26p . 

< 2'=-^"v(||P,y(^P^^-iF)|U. + \\P,iKfP^V-'H)U^^ 
+ r-^PkfP^V-^H\\L2). 

By (1331) and Lemma [331 

lL<2''-'^r{\\KU^\\H\\L.+2''-^r-'\\HU.). 
Also using ([SobMip . 

J2 Iln < r-'\\Hh. + r^M(ff) • r\\KU^. 

/c,m>0,m>fc 
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Thus 

Ikm<r~^\\H\\Li+coriN'iiH) 

fc,m>0,m>fc 

where cq depends on ?'(||i^||L~ + H^ii^llLs). □ 

References 

[1] Christodoulou, D. and Klainerman, S., The Global Nonlinear Stability of the Minkowski 

Space, Princeton Mathematical Series 41, 1993. 
[2] Klainerman, S. and Rodnianski, I., Causal geometry of Einstein-vacuum spacetimes with 

finite curvature flux, Invent. Math., 159(2005), no. 3, 437-529. 
[3] Klainerman, S. and Rodnianski, I., A geometric Littlewood-Paley theory, Geom. Funct. 

Anal., 16 (2006), 126-163. 
[4] Klainerman, S. and Rodnianski, I., Sharp Trace theorems for null hypersurfaces on Einstein 

metrics with finite curvature flux, Geom. Funct. Anal., 16 (2006), no. 1, 164-229. 
[5] Klainerman, S. and Rodnianski, I., On the radius of injectivity of null hypersurfaces, 2006, 

arXiv:math/0603010 ^1 

[6] Klainerman, S. and Rodnianski, I., On the radius of injectivity of null hypersurfaces, J. 
Amer. Math. Soc, 21 (2008), no. 3, 775-795. 

[7] Klainerman, S. and Rodnianski, I., On the breakdown criterion in general relativity, J. 
Amer. Math. Soc, 23 (2010), no. 2, 345-382. 

[8] Stein, E. M., Topics in harmonic analysis related to the Littlewood-Paley theory. Annals 
of Mathematics Studies, No. 63, Princeton University Press, 1970. 

[9] Stein, E. M., Harmonic analysis: real-variable methods, orthogonality, and oscillatory 
integrals. With the assistance of Timothy S. Murphy, Princeton Mathematical Series 43, 
Monographs in Harmonic Analysis III, Princeton University Press, Princeton, NJ, 1993. 
[10] Wang, Q., Causal Geometry of Einstein- Vacuum spacetimes, PhD thesis, Princeton Uni- 
versity 2006. 

[11] Wang, Q., On the geometry of null cones in Einstein Vacuum Spacetimes, Ann. Inst. H. 

Poincare Anal. Non Lineaire, 26(2009), 285-328 
[12] Wang, Q., Improved breakdown criterion for solution of Einstein vacuum equation in CMC 

gauge, 2010. lajXi\^I604:2938l 



Department of Mathematics, Stony Brook University, Stony Brook, NY 11794 
E-mail address: qwanganiath.sunysb.edu 



